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Abstract
This paper conducts a sensitivity analysis of long-term cash flows. The price of
the cash flow at time zero is given by the pricing operator of a Markov diffusion
acting on the cash flow function. We study the extent to which the price of the
cash flow is affected by small perturbations of the underlying Markov diffusion. The
main tool is the Hansen–Scheinkman decomposition, which is a method to express
the cash flow in terms of eigenvalues and eigenfunctions of the pricing operator. By
incorporating techniques developed by Fournie´ et al. (1999), the sensitivities of long-
term cash flows can be represented via simple expressions in terms of the eigenvalue
and the eigenfunction.
1 Introduction
1.1 Long-term sensitivity
In quantitative finance, we often evaluate expectations in the form
pT := E
P
ξ [e
− ∫ T0 r(Xs) dsf(XT )] (1.1)
where EPξ is an expectation, r and f are measurable functions, and X = (Xt)t≥0
is an underlying stochastic process with X0 = ξ. Many financial quantities, such
as option price and expected utility, are expressed in the above form. This article
examines the sensitivities of the expectation pT for large T with respect to pertur-
bations of the underlying process X. The process X with killing rate r generates
∗hyungbin@snu.ac.kr, hyungbin2015@gmail.com
1
a pricing operator. We demonstrate that the long-term sensitivities can be rep-
resented by simple expressions in terms of eigenvalues and eigenfunctions of the
pricing operator. Our analysis reveals implications of models for the long-term
risk and performance of cash flows.
We begin with a quadruple of functions (b, σ, r, f) and a vector ξ ∈ Rd, which
satisfy Assumptions 1.1 - 1.3 stated below. (In this article, the terminology “As-
sumption” is used when stating the premises for the whole paper. The terminology
“condition” is used for the hypotheses of propositions, theorems, and corollaries.)
Let (Ω,F , (Ft)t≥0,P) be a filtered probability space that has a d-dimensional Brow-
nian motion B = (Bt)t≥0 = (B1,t, · · · , Bd,t)⊤t≥0. The filtration (Ft)t≥0 is the usual
completed filtration generated by the Brownian motion B.
Assumption 1.1. Let b : Rd → Rd and σ : Rd → Rd×d be continuous functions
and ξ ∈ Rd. The matrix σ is invertible. Assume that the stochastic differential
equation (SDE)
dXt = b(Xt) dt+ σ(Xt) dBt , X0 = ξ (1.2)
has a unique strong solution X and that the solution is non-explosive.
In this paper, the function b = (b1, · · · , bd)⊤ is expressed as a d-dimensional column
vector. As is well known, the process X is a d-dimensional conservative Markov
diffusion process.
Assumption 1.2. The function r : Rd → R is a continuous function.
Assumption 1.3. The function f : Rd → R is non-negative, non-zero and mea-
surable.
This paper primarily conducts two types of sensitivity analyses. The first
is the initial value sensitivity, known as the delta, defined as ∇ξpT . The long-
term behavior of delta is of interest to us. When the quadruple (b, σ, r, f) and ξ
satisfy Assumptions 1.1 - 1.3 and admit the Hansen–Scheinkman decomposition
(Assumptions 2.1 - 2.4), we will observe that the expectation pT is asymptotically
pT ≃ e−λTφ(ξ)
with a constant λ and a positive function φ. Here, for two positive functions pT
and qT of T, the notation pT ≃ qT means that the limit limT→∞ pTqT converges to
a positive constant. Therefore, one can predict that the long-term asymptotic
behavior is
∇ξ ln pT = ∇ξ pT
pT
≃ ∇ξ φ(ξ)
φ(ξ)
. (1.3)
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The second type of sensitivity analysis consists of the drift and diffusion sen-
sitivities, which are known as the rho and the vega, respectively. The precise def-
initions of rho and vega are given in Section 4. Consider a perturbed quadruple
(bǫ, σǫ, rǫ, fǫ) and an initial value ξ, which satisfy Assumptions 4.1 - 4.2 in Section
4. Here, ǫ is the perturbation parameter. The perturbed underlying process and
the perturbed expectation are denoted by Xǫ = (Xǫt )t≥0 and
pǫT := E
P
ξ [e
− ∫ T0 rǫ(Xǫs)dsfǫ(XǫT )] , (1.4)
respectively. We want to determine the long-term asymptotic behavior of
∂
∂ǫ
∣∣∣
ǫ=0
pǫT .
Through the Hansen–Scheinkman decomposition, it can be observed that
pǫT ≃ e−λǫTφǫ(ξ)
with a constant λǫ and a positive function φǫ. When T is large, because e
−λǫT
dominates the perturbed quantity pǫT , we can expect
∂
∂ǫ
∣∣∣
ǫ=0
pǫT ≃ −Te−λTφ(ξ)
∂
∂ǫ
∣∣∣
ǫ=0
λǫ + e
−λT ∂
∂ǫ
∣∣∣
ǫ=0
φǫ(ξ) .
Therefore, the simple relationship
1
T
∂
∂ǫ
∣∣∣
ǫ=0
ln pǫT =
∂
∂ǫ
∣∣
ǫ=0
pǫT
TpT
≃ − ∂
∂ǫ
∣∣∣
ǫ=0
λǫ (1.5)
is obtained.
The main purpose of this paper is to justify these long-term relationships
in Eq.(1.3) and Eq.(1.5) in a mathematically rigorous manner. We employ the
method of Fournie´ et al. (1999), who use Malliavin calculus for their sensitivity
analysis. (Refer to Nualart (2006) and Di Nunno et al. (2009) for topics related
to Malliavin calculus.) Unfortunately, the method developed by Fournie´ et al.
(1999) cannot be applied to functionals of the form
EPξ [e
− ∫ T
0
r(Xs) dsf(XT )] ,
which is the form that interests us. Their method (for calculating the delta and
the vega) is valid only for discretely monitored functionals of the form
EPξ [f(Xt1, Xt2, · · · , Xtm)] ,
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in which the processX is evaluated a finite number of times up to terminal time T.
In our case, however, the expectation pT in Eq.(1.1) involves the term e
− ∫ T0 r(Xs) ds,
which depends on the entire path of (Xs)0≤s≤T . The Hansen–Scheinkman decom-
position is useful in overcoming this problem because the decomposition trans-
forms path-dependent functionals into discretely monitored functionals. Thus,
by utilizing the Hansen–Scheinkman decomposition, the method developed by
Fournie´ et al. (1999) can successfully be applied to our cases.
The rest of this paper is structured as follows. The related literature is reviewed
in Section 1.2. We explain the Hansen–Scheinkman decomposition in Section 2. In
Section 3, the long-term sensitivity of the initial value is investigated, and Eq.(1.3)
is justified. In Section 4, the long-term sensitivity of the drift and diffusion terms
are demonstrated, and Eq.(1.5) is derived. Sections 5 and 6 present examples,
and the last section summarizes the paper. The proofs of the main results and
the details of the examples are presented in the appendices.
1.2 Related literature
Sensitivity analysis of the expectation pT has been studied by many authors.
Fournie´ et al. (1999) investigate option price sensitivities for hedging purposes.
They present an original probabilistic method for the numerical computations
of the sensitivities by employing Malliavin calculus. Benhamou (2003) utilizes
the Malliavin weighting functions introduced by Fournie´ et al. (1999) to inves-
tigate an efficient computational method for the Greeks, and also derives the
weighting function with the smallest total variance. Employing Malliavin cal-
culus, El-Khatib and Privault (2004) compute Greeks whose underlying process
has Poisson jump times and random jump sizes. Gobet and Munos (2005) an-
alyze the sensitivity of expected costs and derive an expectation form of the
sensitivity that can be evaluated using Monte Carlo simulations. For this pur-
pose, they employ three methods: the Malliavin calculus approach, the adjoint
approach, and the martingale approach. Davis and Johansson (2006) investigate
Malliavin calculus for Levy processes and derive the Malliavin weight for a cer-
tain class of jump diffusion processes. Chen and Glasserman (2007) derive Monte
Carlo estimators of option Greeks in diffusion models illuminating the connection
between Malliavin estimators and the likelihood ratio method. Hansen (2012),
Hansen and Scheinkman (2009) and Hansen and Scheinkman (2012) investigate
the long-term behavior of risk by developing the Hansen–Scheinkman decomposi-
tion to reveal the long-term risk-return trade-off.
We now briefly compare the relevant results of Borovicˇka et al. (2011) and
Hansen and Scheinkman (2012), who employ sensitivity analysis to characterize
and reveal risk price dynamics encoded in the stochastic discount factor. By
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exploring shock-exposure elasticities and shock-price elasticities, they measure
the impact of shock on the expectation of the stochastic discount factor or cash
flows. They also demonstrate the state dependence of these elasticities.
The present paper differs from Borovicˇka et al. (2011) and Hansen and Scheinkman
(2012) in two fundamental ways: the multiplicative functional form and the per-
turbation form. In their research, a more general form of the stochastic discount
factor or cash flow, known as the multiplicative functional, is studied. One of the
most commonly used multiplicative functionals is
Mt = e
∫ t
0
k(Xs) ds+
∫ t
0
v(Xs) dBs , t ≥ 0 (1.6)
for two functions k and v. In the current paper, however, we restrict the multi-
plicative functional to the form of e−
∫ T
0
r(Xs) ds given in Eq.(1.1). In fact, the most
commonly used multiplicative functional above can be reduced to this simpler
form, as will be shown later. The other distinction is that their perturbation form
is somewhat different from the perturbation form in this paper. Let
HǫT := e
∫ T
0 κǫ(Xs) ds+ǫ
∫ T
0 α(Xs) dBs , t ≥ 0 .
Here, κǫ(·) and α(·) are given functions that define the direction of perturbations.
Define the perturbed cash flows and the perturbed expected return by
qǫT := E
P[MTH
ǫ
T ] and ρ
ǫ
T :=
EP[MTH
ǫ
T ]
EP[GTMTH
ǫ
T ]
,
respectively. Here, the random variable GT is a discount factor.
One of the main purposes of their research is to study the sensitivities ∂
∂ǫ
∣∣
ǫ=0
ln qǫT
and ∂
∂ǫ
∣∣
ǫ=0
ln ρǫT for economic interpretation. Shock elasticity ǫ(x, T ) (see equation
(12) in Borovicˇka et al. (2011)) is a component of ∂
∂ǫ
∣∣
ǫ=0
ln qǫT and reflects sensi-
tivity with respect to a perturbation over an instant dt. Its long-term behavior
limT→∞ ǫ(x, T ) is the counterpart to the computation of delta in this paper. From
the discussion following Result 2.2 on page 13 in Borovicˇka et al. (2011), it is ap-
parent that the long-term shock elasticity is consistent with Theorem 3.1 of the
present paper. Borovicˇka et al. (2014) present a more direct method of computing
the shock elasticity. They do not provide a long-term analysis for ∂∂ǫ
∣∣
ǫ=0
ln ρǫT .
The quantities qǫT and ρ
ǫ
T can be reduced to the form in Eq.(1.4) with fǫ ≡ 1 if
the process X is a diffusion given by Eq.(1.2) and if the multiplicative functional
is the most common formM as defined in Eq.(1.6). Define a measure Qǫ with the
Girsanov kernel (v + ǫα)(XT ). Then
qǫT = E
P[MTH
ǫ
T ] = E
P[e
∫ T
0
(k+κǫ)(Xs) ds+
∫ T
0
(v+ǫα)(Xs) dBs] = EQ
ǫ
[e
∫ T
0
(k+κǫ+
1
2 |v+ǫα|2)(Xs) ds] .
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This equation has the interpretation of moving from the physical measure P to
the risk-neutral measure Qǫ. The Qǫ-dynamics of X is
dXt = (b+ σ(v + ǫα))(Xt) dt+ σ(Xt) dW
ǫ
t
with a Qǫ-Brownian motion W ǫ. For convenience, let Q := Q0 and W := W 0.
Define a process Xˆǫ as the solution of
dXˆǫt = (b+ σ(v + ǫα))(Xˆ
ǫ
t ) dt+ σ(Xˆ
ǫ
t ) dWt .
Then the Q-distribution of (Xˆǫt )t≥0 is the same as the Q
ǫ-distribution of (Xt)t≥0.
It follows that
qǫT = E
Qǫ[e
∫ T
0
(k+κǫ+
1
2 |v+ǫα|2)(Xs) ds] = EQ[e
∫ T
0
(k+κǫ+
1
2 |v+ǫα|2)(Xˆǫs) ds] .
Here, | · | is the usual multi-dimensional Euclidean norm. By defining rǫ :=
−(k+κǫ+ 12 |v+ ǫα|2), we obtain qǫT = EQ[e−
∫ T
0
rǫ(Xˆ
ǫ
s) ds], which is the pǫT form with
fǫ ≡ 1 in Eq.(1.4). Similarly, the quantity ρǫT can also be expressed as a ratio of
two expectations of the form pǫT .
2 Hansen–Scheinkman decomposition
We begin with a quadruple of functions (b, σ, r, f) and ξ ∈ Rd satisfying Assump-
tions 1.1 - 1.3. In this section, Assumptions 2.1 - 2.4 are additionally considered
in order to enable the use of the Hansen–Scheinkman decomposition. Recall that
(Ω,F , (Ft)t≥0,P) is a filtered probability space that has a d-dimensional Brown-
ian motion B. The filtration (Ft)t≥0 is generated by the Brownian motion B. We
define a pricing operator P by
PTf(x) = EPx[e−
∫ T
0
r(Xs) dsf(XT )] .
The expectation in Eq.(1.1) is expressed as pT = PTf(ξ). For a positive measurable
function φ and a real number λ such that
PTφ(x) = e−λTφ(x) for T > 0 , x ∈ Rd , (2.1)
the process
Mφt := e
λt−∫ t
0
r(Xs) ds
φ(Xt)
φ(ξ)
, 0 ≤ t ≤ T (2.2)
is a positive martingale. A measure Qφ on each FT defined by
Qφ[A] = EPξ [IAM
φ
T ]
for A ∈ FT is called the eigen-measure with respect to φ. This definition is consis-
tent for all T ≥ 0 because EPξ [IAMφt ] = EPξ [IAMφT ] for any A ∈ Ft and 0 ≤ t ≤ T.
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Assumption 2.1. For a real number λ and a positive measurable function φ,
there exists a pair (λ, φ) satisfying Eq.(2.1) such that the process X is recurrent
under the eigen-measure Qφ.
In this case, the discount factor e−
∫ T
0 r(Xt) dt can be written as
e−
∫ T
0
r(Xs) ds = MφT e
−λT φ(ξ)
φ(XT )
.
This expression is referred to as the Hansen–Scheinkman decomposition. We say
that (λ, φ), λ, φ, andQφ are the recurrent eigenpair, recurrent eigenvalue, recurrent
eigenfunction, and recurrent eigen-measure, respectively. In general, a recurrent
eigenpair may not exist. However, from Assumption 2.1, this paper assumes that
the quadruple of functions (b, σ, r, f) and ξ ∈ Rd have a recurrent eigenpair. Sev-
eral studies address the existence of the recurrent eigenpair, for example, Section
9 in Hansen and Scheinkman (2009) and Section 5 in Qin and Linetsky (2016).
It is known that the recurrent eigenpair (λ, φ) is unique if it exists (Proposi-
tion 7.2 in Hansen and Scheinkman (2009) and Theorem 3.1 in Qin and Linetsky
(2016)). Consequently, we use notationsM and Q instead of Mφ and Qφ, respec-
tively. These notations are not confusing because this paper always works with
the recurrent eigenpair, and the recurrent eigenpair (λ, φ) is unique.
We approach the Hansen–Scheinkman decomposition with an eigenpair of the
pricing operator P . The decomposition can also be approached in terms of an
eigenpair of the infinitesimal generator of the process. For the generator approach,
see Proposition 6.1 in Hansen and Scheinkman (2009). Furthermore, many au-
thors have utilized the Hansen–Scheinkman decomposition for a general class of
processes (Section 2 in Qin and Linetsky (2016)). However, we apply the Hansen–
Scheinkman decomposition only for Markov diffusion cases.
The next assumption concerns a regularity condition of the recurrent eigen-
function. There are several conditions in Theorem 3.1 on page 145 and Theorem
3.3 on page 148 in Pinsky (1995) that guarantee this regularity condition.
Assumption 2.2. The recurrent eigenfunction φ is twice continuously differen-
tiable.
This assumption has two implications. First, the recurrent eigenpair (λ, φ) is an
eigenpair of a second-order partial differential operator. Define operator L by
L = 1
2
d∑
i,j=1
aij
∂2
∂xi∂xj
+
d∑
i=1
bi
∂
∂xi
− r,
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where a = σσ⊤. This operator L can be understood as the generator of X with
the killing rate r. Applying the Ito formula to Eq.(2.2), we have
dMt
Mt
=
(Lφ+ λ)(Xt)
φ(Xt)
dt+
(∇φ)⊤(Xt)
φ(Xt)
σ(Xt) dBt, (2.3)
where ∇φ is the d × 1 gradient vector of φ. Because M is a martingale, the
differential dMt has a dt-term equal to zero. Thus, the pair (λ, φ) satisfies Lφ =
−λφ on the support of the distribution of the process X, which means that (λ, φ)
is an eigenpair of the second-order partial differential operator −L.
Second, the above assumption implies that the process X is still a Markov
diffusion process under the recurrent measure Q. Define a vector-valued function
ϕ := σ⊤∇φ/φ ; then, according to Eq.(2.3),
Mt = e
∫ t
0 ϕ
⊤(Xs) dBs− 12
∫ t
0 |ϕ|2(Xs) ds , 0 ≤ t ≤ T .
According to the Girsanov theorem, the process W defined by
Wt := Bt −
∫ t
0
ϕ(Xs) ds , 0 ≤ t ≤ T (2.4)
is a Q-Brownian motion. The process (ϕ(Xt))t≥0 is the Girsanov kernel of the
change in measure. Therefore, we obtain
dXt = (b(Xt) + σ(Xt)ϕ(Xt)) dt+ σ(Xt) dWt , 0 ≤ t ≤ T , (2.5)
which represents the dynamics of the Markov diffusion process X under the re-
current eigen-measure Q.
We assume a stronger condition on the Q-distribution of X.
Assumption 2.3. The process X has an invariant distribution ν under the re-
current eigen-measure Q.
This eigen-measure is referred to as a stochastically stablemeasure in Hansen and Scheinkman
(2009). It is noteworthy that the invariant distribution is independent from the
initial value X0 = ξ. Regarding the existence of the invariant distribution, see
Theorem 9.5 on page 185 in Pinsky (1995) and Lemma 2.1 and Theorem 3.1 in
Zhang et al. (2014).
Assumption 2.4 is about the ν-ergodic property of the function f. There are
several conditions that guarantee the following ν-ergodicity condition. An L2-
approach can be found in Section 3.2 in Cattiaux (2014). The Lyapunov criteria
can be found in Meyn and Tweedie (1993) and in Theorem 8.7 on page 33 of
Bellet (2006).
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Assumption 2.4. The function f is ν-ergodic, that is, f satisfies
E
Q
ξ [(f/φ)(XT)]→
∫
(f/φ) dν as T →∞ ,
and the limit is a finite positive number.
Assumptions 2.1 - 2.4 have an important implication. Using the recurrent
eigen-measure Q, it follows that
pT = E
P
ξ [e
− ∫ T
0
r(Xs) dsf(XT )] = φ(ξ) e
−λT EPξ [MT (f/φ)(XT)]
= φ(ξ) e−λT EQξ [(f/φ)(XT)] .
The expectation pT can be written as
pT = φ(ξ) e
−λT EQξ [(f/φ)(XT)] . (2.6)
Because EQξ [(f/φ)(XT)] converges to a finite positive constant as T → ∞, we
obtain the equality
lim
T→∞
1
T
ln pT = −λ ,
which implies that the long-term behavior of pT is determined by the recurrent
eigenvalue.
Eq.(2.6) is very useful for sensitivity analysis. The expectation pT is expressed
in a relatively more manageable manner. The term EQξ [(f/φ)(XT)] depends on
the final value XT , whereas E
P
ξ [e
− ∫ T
0
r(Xs)dsf(XT )] depends on the entire path of
(Xs)0≤s≤T . If the Q-distribution of XT is known, then one can directly analyze
the term EQξ [(f/φ)(XT)]. This advantage makes it easier to study the long-term
sensitivity of cash flows.
In summary, for any given quadruple of functions (b, σ, r, f) and initial value
ξ ∈ Rd satisfying Assumptions 1.1 - 1.3 and 2.1 - 2.4, we have constructed the
process X, the pricing operator P , the generator L, the martingale M, the recur-
rent eigen-measure Q, the recurrent eigenpair (λ, φ), the Girsanov kernel ϕ and
the invariant distribution ν. The notations for these objects,
X, P , L, M, Q, (λ, φ), ϕ, ν ,
appear frequently in the rest of this paper. For convenience, we simply state that
the quadruple (b, σ, r, f) and the initial value ξ determine these objects. However,
some factors are superfluous in the sense that the process X is not affected by r,
and none of these objects is affected by f.
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3 Sensitivity of the initial value
This section discusses the initial value sensitivity, known as the delta, defined as
∇ξpT . The long-term behavior of delta is of interest to us. For any given quadruple
of functions (b, σ, r, f) and ξ satisfying Assumptions 1.1 - 1.3 and 2.1 - 2.4, the
notations
X, P , L, M, Q, (λ, φ), ϕ, ν
are self-explanatory. The zero notation, 0, below is also used to represent the zero
vector without ambiguity.
Theorem 3.1. Let (b, σ, r, f) and ξ be a quadruple of functions and an initial
value, respectively, satisfying Assumptions 1.1 - 1.3 and 2.1 - 2.4. If EQξ [(f/φ)(XT)]
is continuously differentiable in ξ, and if ∇ξ EQξ [(f/φ)(XT)]→ 0 as T →∞, then
lim
T→∞
∇ξ ln pT = ∇ξ φ
φ(ξ)
.
Proof. The functions φ(ξ) and EQξ [(f/φ)(XT)] are continuously differentiable in ξ.
From Eq.(2.6), the chain rule says that ln pT is differentiable in ξ and that
∇ξ ln pT = ∇ξ pT
pT
=
∇ξ φ
φ(ξ)
+
∇ξ EQξ [(f/φ)(XT)]
E
Q
ξ [(f/φ)(XT)]
.
Because ∇ξ EQξ [(f/φ)(XT)]→ 0 and EQξ [(f/φ)(XT)] converges to a finite positive
number as T →∞, we obtain the desired result.
Next, we find a sufficient condition such that EQξ [(f/φ)(XT)] is continuously
differentiable in ξ and ∇ξ EQξ [(f/φ)(XT)]→ 0 as T →∞. To that end, we use the
result from Section 3.2 of Fournie´ et al. (1999). Assume that the functions b+σϕ
and σ are continuously differentiable with bounded derivatives. Let Y = (Yt)t≥0
be the first variation process defined by
dYt = (b+ σϕ)
′(Xt)Yt dt+
d∑
i=1
σ′i(Xt)Yt dWi,t , Y0 = Id,
where σi is the i-th column vector of σ, and Id is the d × d identity matrix.
For a multi-valued function g = (g1, g2, · · · , gd)⊤ in the column vector form, the
derivative g′ is defined as a d × d matrix such that the i-th row is ∇gi for i =
1, 2, · · · , d. We also assume that the diffusion matrix b+ σϕ satisfies the uniform
ellipticity condition, that is, there exists ǫ > 0 such that y⊤(b + σϕ)⊤(x)(b +
σϕ)(x)y ≥ ǫ|y|2 for any x, y ∈ Rd. Denote the matrix 2-norm by || · ||.
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Proposition 3.2. Let (b, σ, r, f) and ξ be a quadruple of functions and an initial
value, respectively, satisfying Assumptions 1.1 - 1.3 and 2.1 - 2.4. Assume that
the functions b + σϕ and σ are continuously differentiable with bounded deriva-
tives and that b + σϕ satisfies the uniform ellipticity condition. If there exist
positive constants p ≥ 2 and q with 1/p + 1/q = 1 such that EQξ [||σ−1(XT )YT ||p]
and EQξ [(f/φ)
q(XT )] are uniformly bounded in T on [0,∞), then EQξ [(f/φ)(XT)]
is continuously differentiable in ξ and ∇ξ EQξ [(f/φ)(XT)]→ 0 as T →∞.
Proof. From Proposition 3.2 in Fournie´ et al. (1999), it follows that EQξ [(f/φ)(XT)]
is continuously differentiable in ξ and
∇ξ EQξ [(f/φ)(XT)] =
1
T
E
Q
ξ
[
(f/φ)(XT)
∫ T
0
(σ−1(Xs)Ys)⊤dWs
]
. (3.1)
This equality is proven in their paper for p = q = 2. However, their proof is also
valid for any positive p ≥ 2 and q with 1/p+1/q = 1 if we replace three conditions.
Replace φ ∈ L2 from page 400, line 15, with f/φ ∈ Lq; and ǫn(x) = E[· · · ]2 from
page 400, line 19, with ǫn(x) = E[· · · ]q; and ψ = E[· · · ]2 from page 400, line
25, with ψ = E[· · · ]p. The partial derivative ∇ξ EQξ [(f/φ)(XT)] is continuous in ξ
because the convergence is uniform on compact sets in the first line on page 401.
Because EQξ [||σ−1(XT )YT ||p] is uniformly bounded in T on [0,∞), we can write
E
Q
ξ [||σ−1(XT )YT ||p] ≤ c for a positive constant c. By the Holder inequality, the
Burkholder-Davis-Gundy inequality and the Jensen inequality, it follows that
∣∣∣∇ξ EQξ [(f/φ)(XT)]
∣∣∣ ≤ 1
T
(
E
Q
ξ [(f/φ)
q(XT )]
)1
q
(
E
Q
ξ
[∣∣∣
∫ T
0
(σ−1(Xs)Ys)⊤dWs
∣∣∣p])
1
p
≤ cp
T
(
E
Q
ξ [(f/φ)
q(XT )]
)1
q
(
E
Q
ξ
[( ∫ T
0
||σ−1(Xs)Ys||2ds
)p
2
]) 1
p
≤ cp
T
1
2+
1
p
(
E
Q
ξ [(f/φ)
q(XT )]
)1
q
(
E
Q
ξ
[ ∫ T
0
||σ−1(Xs)Ys||pds
]) 1
p
=
cp
T
1
2+
1
p
(
E
Q
ξ [(f/φ)
q(XT )]
)1
q
(∫ T
0
E
Q
ξ [||σ−1(Xs)Ys||p] ds
)1
p
≤ cpc
1
p
T
1
2
(
E
Q
ξ [(f/φ)
q(XT )]
)1
q
for the positive constant cp in the Burkholder-Davis-Gundy inequality. Because
E
Q
ξ [(f/φ)
q(XT )] is uniformly bounded in T on [0,∞), we obtain the desired result.
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Remark 3.3. In Fournie´ et al. (1999), Eq.(3.1) holds under stronger conditions
of the coefficients in the dynamics of X. The functions b + σϕ and σ are contin-
uously differentiable with bounded derivatives, and b + σϕ satisfies the uniform
ellipticity condition. Recently, Ban˜os et al. (2017) have relaxed these conditions.
The drift coefficient b+ σϕ can be in the form of
b+ σϕ = B˜(x) + Bˆ(x)
for B˜ bounded and measurable, and Bˆ Lipschitz continuous and at most of linear
growth in x. However, their results require that the diffusion term is σ(x) ≡ 1.
4 Sensitivities of the drift and diffusion terms
We now investigate the sensitivities of the drift and diffusion terms of the under-
lying process. Consider the following perturbed functions. The variable ǫ can be
understood as a perturbation parameter.
Assumption 4.1. Let bǫ(x), σǫ(x), rǫ(x), fǫ(x) be functions of two variables (ǫ, x)
on I × Rd for a neighborhood I of 0 such that for each x they are continuously
differentiable in ǫ on I and b0(x) = b(x), σ0(x) = σ(x), r0(x) = r(x), f0(x) = f(x).
Let ξǫ be a continuously differentiable function of variable ǫ on I and ξ0 = ξ.
Assumption 4.2. For each ǫ ∈ I, the quadruple of functions (bǫ, σǫ, rǫ, fǫ) and a
real number ξǫ satisfy Assumptions 1.1 - 1.3 and 2.1 - 2.4.
From these assumptions, the notations
Xǫ, Pǫ, Lǫ, M ǫ, Qǫ, (λǫ, φǫ), ϕǫ, νǫ
are self-explanatory. For example, the SDE
dXǫt = bǫ(X
ǫ
t ) dt+ σǫ(X
ǫ
t ) dBt , X
ǫ
0 = ξǫ (4.1)
has a unique strong solutionXǫ, and the solution is non-explosive. It is noteworthy
that Assumption 4.2 guarantees that the quadruple (b, σ, r, f) and ξ also satisfy
Assumptions 1.1 - 1.3 and 2.1 - 2.4 because 0 is in I.
We are interested in the perturbed quantity
pǫT := E
P
ξǫ[e
− ∫ T
0
rǫ(X
ǫ
s)dsfǫ(X
ǫ
T )] (4.2)
and the long-term behavior of its sensitivity ∂∂ǫ
∣∣
ǫ=0
pǫT . The sensitivities with re-
spect to the drift term and the diffusion term are called rho and vega, respectively.
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More precisely, the rho value (respectively, the vega value) is defined as ∂∂ǫ
∣∣
ǫ=0
pǫT
when the quadruple of perturbed functions is (bǫ, σ, r, f) (respectively, (b, σǫ, r, f))
and when the initial value ξ is not perturbed.
Using Eq.(2.6), the expectation can be expressed in a relatively more manage-
able manner as
pǫT = e
−λǫTφǫ(ξǫ)E
Qǫ
ξǫ
[(fǫ/φǫ)(X
ǫ
T )] .
We now apply the chain rule to this equality.
Theorem 4.3. Let (bǫ, σǫ, rǫ, fǫ) and ξǫ be a quadruple of functions and an initial
value, respectively, satisfying Assumptions 4.1 - 4.2. Suppose that the following
conditions hold.
(i) λǫ and φǫ(ξǫ) are continuously differentiable in ǫ on I.
(ii) As a function of two variables (η, ǫ) ∈ I2, the partial derivative ∂∂ηEQ
ǫ
ξη
[(fη/φη)(X
ǫ
T )]
exists and is continuous on I2, and moreover,
lim
T→∞
1
T
∂
∂η
∣∣∣
η=0
E
Q
ξη
[(fη/φη)(XT )] = 0 . (4.3)
(iii) As a function of two variables (η, ǫ) ∈ I2, the partial derivative ∂∂ǫEQ
ǫ
ξη
[(fη/φη)(X
ǫ
T )]
exists and is continuous on I2, and moreover,
lim
T→∞
1
T
∂
∂ǫ
∣∣∣
ǫ=0
E
Qǫ
ξ [(f/φ)(X
ǫ
T)] = 0 .
Then, the perturbed quantity ln pǫT is differentiable at ǫ = 0 and
1
T
∂
∂ǫ
∣∣∣
ǫ=0
ln pǫT =
∂
∂ǫ
∣∣
ǫ=0
pǫT
TpT
=− ∂
∂ǫ
∣∣∣
ǫ=0
λǫ +
∂
∂ǫ
∣∣
ǫ=0
φǫ(ξǫ)
Tφ(ξ)
+
∂
∂ǫ
∣∣
ǫ=0
E
Q
ξǫ
[(fǫ/φǫ)(XT )]
T EQξ [(f/φ)(XT)]
+
∂
∂ǫ
∣∣
ǫ=0
E
Qǫ
ξ [(f/φ)(X
ǫ
T)]
T EQξ [(f/φ)(XT)]
.
(4.4)
Furthermore,
lim
T→∞
1
T
∂
∂ǫ
∣∣∣
ǫ=0
ln pǫT = −
∂
∂ǫ
∣∣∣
ǫ=0
λǫ . (4.5)
Proof. Regard pǫT as a function of four variables (ǫ1, ǫ2, ǫ3, ǫ4) on I
4 defined by
PT (ǫ1, ǫ2, ǫ3, ǫ4) := e
−λǫ1Tφǫ2(ξǫ2)E
Qǫ4
ξǫ3
[(fǫ3/φǫ3)(X
ǫ4
T )]
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so that pǫT = PT (ǫ, ǫ, ǫ, ǫ). The chain rule gives the differentiability of ln p
ǫ
T and the
equality in Eq.(4.4). Bearing in mind that EQξ [(f/φ)(XT)] converges to a finite
positive constant as T →∞ by Assumption 2.4, conditions (i) - (iii) and Eq.(4.4)
induce Eq.(4.5).
Remark 4.4. In the above theorem, we observe that conditions (i) - (iii) control
the four terms in Eq.(4.4). Condition (i) controls the first and the second terms.
Conditions (ii) and (iii) control the third term and the last term, respectively.
Remark 4.5. Conditions (ii) and (iii) in Theorem 4.3 guarantee that the expec-
tation EQ
ǫ
ξη
[(fη/φη)(X
ǫ
T )] is continuously differentiable in (η, ǫ) on I
2. Thus, we can
apply the chain rule.
We now shift our attention to conditions (i) - (ii) in Theorem 4.3. In con-
dition (i), two functions λǫ and φǫ(ξǫ) are continuously differentiable in ǫ on I
for many financially meaningful cases. In condition (ii), the partial derivative
∂
∂η
E
Qǫ
ξη
[(fη/φη)(X
ǫ
T )] is not easy to evaluate in general. However, if the initial value
ξ is not perturbed (as in the cases of the rho and the vega), then this partial
derivative ∂∂ηE
Qǫ
ξ [(fη/φη)(X
ǫ
T )] can be evaluated in the ordinary manner by inter-
changing the derivative and the integration (Theorem G.1). Conditions (i) and
(ii) can be checked case by case, so we do not go into further detail here.
Assumption 4.6. Conditions (i) and (ii) in Theorem 4.3 hold.
One of the main contributions of this article is to study condition (iii) in
Theorem 4.3, which controls the last term in Eq.(4.4). Only the last term is related
to the perturbation of the underlying process. We investigate sufficient conditions
for (iii) to achieve the long-term asymptotic behavior specified by Eq.(4.5). The
differentiability and convergence to zero with respect to perturbations of the drift
bǫ(·) and the volatility σǫ(·) are not trivial. Their sensitivities are discussed in
Sections 4.1 and 4.2, respectively.
Remark 4.7. If the Qǫ-distribution of XǫT is known, then the explicit formula for
the sensitivity ∂∂ǫ
∣∣
ǫ=0
ln pǫT can be derived from Eq.(4.4). However, the expression
is complicated.
4.1 Rho
This section conducts a sensitivity analysis with respect to a perturbation of the
drift term. Let (bǫ, σ, rǫ, fǫ) and ξ be a quadruple of functions and an initial
value, respectively, satisfying Assumptions 4.1 - 4.2. (The diffusion matrix σ and
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the initial value ξ are not perturbed.) The evaluation of rho is covered by this
perturbation form. We emphasize that the notations
Xǫ, Pǫ, Lǫ, M ǫ, Qǫ, (λǫ, φǫ), ϕǫ, νǫ
are straightforward. The perturbed process Xǫ is given by Eq.(4.1),
dXǫt = bǫ(X
ǫ
t ) dt+ σ(X
ǫ
t ) dBt , X
ǫ
0 = ξ.
Define kǫ := σ
−1bǫ + ϕǫ and k := k0. Here, σ−1 is the inverse matrix of σ. Assume
that both φǫ(x) and ∇φǫ(x) (thus, kǫ(x)) are continuously differentiable in ǫ on I
for each x. We define
kǫ(x) :=
∂
∂ǫ
∣∣∣
ǫ=0
kǫ(x) ,
k(x) := k0(x) .
(4.6)
Given the perturbation defined above, the main purpose of this section is to
find a sufficient condition for (iii) in Theorem 4.3. We will prove that
∂
∂ǫ
∣∣∣
ǫ=0
E
Qǫ
ξ [(f/φ)(X
ǫ
T)] = E
Q
ξ
[
(f/φ)(XT)
∫ T
0
k(Xs) dWs
]
,
which is also stated in Proposition 3.1 Fournie´ et al. (1999). However, this propo-
sition is not useful for many financial models because of the strict assumptions.
In their work, the perturbation is linear in the form bǫ = b+ ǫb, and the function
b is bounded. In addition, the diffusion matrix σ satisfies the uniform ellipticity
condition, and the payoff function satisfies EQξ [(f/φ)
2(·)] <∞.We generalize their
result in Proposition A.1 in Appendix A. Our generalization does not require the
linear perturbation, the boundedness condition on b, or the uniform ellipticity
condition on σ. Many financial models, including the examples in the present pa-
per, satisfy the generalized conditions but not the original conditions assumed in
Fournie´ et al. (1999).
We now rigorously state a sufficient condition for (iii) in Theorem 4.3. See
Appendix A for the proof of the following theorem.
Theorem 4.8. Let (bǫ, σ, rǫ, fǫ) and ξ be a quadruple of functions and an initial
value, respectively, satisfying Assumptions 4.1 - 4.2. Assume that both φǫ(x) and
∇φǫ(x) (thus, kǫ(x)) are continuously differentiable in ǫ on I for each x and that
there exist functions g, ψ : Rd → R such that∣∣∣∣∂kǫ(x)∂ǫ
∣∣∣∣ ≤ g(x) , (4.7)
|fǫ(x)/φǫ(x)| ≤ ψ(x) (4.8)
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for (ǫ, x) in I × Rd. Suppose that the following condition holds.
(i) There exist positive constants a, c and ǫ0 such that for all T > 0
E
Q
ξ [e
ǫ0
∫ T
0
g2(Xs) ds] ≤ c eaT .
In addition, suppose there exist positive constants p ≥ 2 and q with 1/p+1/q = 1
satisfying the following conditions.
(ii) For each T > 0, there is a positive number ǫ1 such that E
Q
ξ [
∫ T
0 g
p+ǫ1(Xt) dt]
is finite.
(iii) As a function of T, the expectation EQξ [ψ
q(XT )] is uniformly bounded on
[0,∞).
Then, the partial derivative ∂∂ǫE
Qǫ
ξ [(fη/φη)(X
ǫ
T )] exists and is continuous in (η, ǫ)
on I2. Moreover,
lim
T→∞
1
T
∂
∂ǫ
∣∣∣
ǫ=0
E
Qǫ
ξ [(f/φ)(X
ǫ
T)] = 0 . (4.9)
The implications of these assumptions are as follows. First, (i) and (ii) con-
cern the growth rate of the function g(x), which controls the growth rate of the
perturbation ∂∂ǫkǫ(x): (i) implies that the expectation of e
ǫ0
∫ T
0 g
2(Xs) ds can increase
exponentially as T →∞, and (ii) means that ∫ T0 gp+ǫ1(Xt) dt has a finite expecta-
tion. Second, (iii) controls the function f : because Eq(4.8) holds, the expectation
of (fǫ/φǫ)
q(XT ) is uniformly bounded in (ǫ, T ) on I × [0,∞). Third, the condition
1/p+1/q = 1 means that if g satisfies a stronger condition (if (ii) holds for larger
p), then a weaker condition on ψ is required (q can be smaller in (iii)). Finally,
this theorem encompasses Proposition 3.1 in Fournie´ et al. (1999).
Remark 4.9. It is noteworthy that Assumption 2.4 can be induced by Assumption
2.3 together with (iii) in Theorem 4.8. The proof follows. Let fˆ := f/φ ≥ 0.
If fˆ is bounded, then Assumption 2.4 is trivial because the process X has an
invariant distribution under Q. If fˆ is unbounded, then it suffices to prove that
limL→∞E
Q
ξ [fˆ(XT )Ifˆ(XT )≥L] = 0 uniformly in T. This is obtained from
E
Q
ξ [fˆ(XT )Ifˆ(XT )≥L] ≤ E
Q
ξ
[
fˆ(XT )
fˆ q−1(XT )
Lq−1
]
≤ E
Q
ξ [fˆ
q(XT )]
Lq−1
because the expectation EQξ [fˆ
q(XT )] is uniformly bounded in T on [0,∞).
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We now consider a variation of Theorem 4.8. Conditions (i) and (ii) in Theorem
4.8 are replaced by the exponential condition (i) in Theorem 4.10. See Appendix
B for the proof. Theorem 4.10 is used in Appendix E.4 to estimate the rho of a
quadratic model.
Theorem 4.10. Let (bǫ, σ, rǫ, fǫ) and ξ be a quadruple of functions and an initial
value, respectively, satisfying Assumptions 4.1 - 4.2. Assume that both φǫ(x) and
∇φǫ(x) (thus, kǫ(x)) are continuously differentiable in ǫ on I for each x and that
there exist functions g, ψ : Rd → R satisfying Eq.(4.7) and Eq.(4.8). Suppose that
the following conditions hold.
(i) There exists a positive constant ǫ0 such that E
Q
ξ [e
ǫ0 g
2(XT )] is uniformly bounded
in T on [0,∞).
(ii) There exists a constant q > 1 such that EQξ [ψ
q(XT )] is uniformly bounded in
T on [0,∞).
Then, the partial derivative ∂∂ǫE
Qǫ
ξ [(fη/φη)(X
ǫ
T )] exists and is continuous in (η, ǫ)
on I2. Moreover, Eq.(4.9) holds.
Because the two theorems above guarantee condition (iii) in Theorem 4.3, we
obtain the following corollary.
Corollary 4.11. Let (bǫ, σ, rǫ, fǫ) and ξ be a quadruple of functions and an initial
value, respectively, satisfying Assumptions 4.1, 4.2 and 4.6. Then, we obtain
Eq.(4.5)
lim
T→∞
1
T
∂
∂ǫ
∣∣∣
ǫ=0
ln pǫT = −
∂
∂ǫ
∣∣∣
ǫ=0
λǫ
if the hypothesis of either Theorem 4.8 or 4.10 is satisfied.
4.2 Vega
4.2.1 The Lamperti transformation for univariate processes
This section conducts a sensitivity analysis with a univariate underlying process.
Let (bǫ, σǫ, rǫ, fǫ) and ξ be a quadruple of functions and an initial value, respec-
tively, satisfying Assumptions 4.1 - 4.2. The functions bǫ, σǫ, rǫ, fǫ are univariate
scalar functions, and ξ is a scalar. The initial value ξ is not perturbed. In this
section, we assume that the function σǫ(x) is twice continuously differentiable in
(ǫ, x) on I × Rd. The notations
Xǫ, Pǫ, Lǫ, M ǫ, Qǫ, (λǫ, φǫ), ϕǫ, νǫ (4.10)
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are self-explanatory. The perturbed process Xǫ is given by
dXǫt = bǫ(X
ǫ
t ) dt+ σǫ(X
ǫ
t ) dBt , X
ǫ
0 = ξ . (4.11)
The evaluation of vega is covered by this perturbation form.
The main idea of this section is to utilize the Lamperti transformation. Fix
any real number c and define
uǫ(x) :=
∫ x
c
1
σǫ(y)
dy , U ǫt := uǫ(X
ǫ
t ) , ζǫ :=
∫ ξ
c
1
σǫ(y)
dy , ζ := ζ0 . (4.12)
The process U ǫ = (U ǫt )t≥0 satisfies
dU ǫt = δǫ(U
ǫ
t ) dt+ dBt , U
ǫ
0 = ζǫ , (4.13)
where δǫ := (
bǫ
σǫ
− 12σ′ǫ) ◦ vǫ. Here, the notation ◦ represents a composition of func-
tions, and the function vǫ is the inverse function of uǫ. It is noteworthy that vǫ is
continuously differentiable in ǫ on I since σǫ(x) is twice continuously differentiable
in two variables (ǫ, x) on I × Rd. This mapping Xǫ 7→ U ǫ is called the Lamperti
transformation.
The Lamperti transformation is useful because it converts the perturbed dif-
fusion term into the constant 1, and transfers the perturbation to the drift term
and the initial value. As shown in Eq.(4.13), the diffusion term of the process U ǫ
is not perturbed. Thus, we can utilize the results in Sections 3 and 4.1. Define
Rǫ := rǫ ◦ vǫ and Fǫ := fǫ ◦ vǫ. The perturbed expectation pǫT is expressed as
pǫT =E
P
Xǫ0=ξ
[e−
∫ T
0 rǫ(X
ǫ
s)ds fǫ(X
ǫ
T )] = E
P
U ǫ0=ζǫ
[e−
∫ T
0 Rǫ(U
ǫ
s )ds Fǫ(U
ǫ
T )] . (4.14)
Through the Lamperti transformation defined above, we obtain the quadruple
of functions (δǫ, 1, Rǫ, Fǫ) and the initial value ζǫ. Here, 1 represents a constant
function that is identically equal to one. The following proposition concerns As-
sumptions 4.1 - 4.2. See Appendix C for the proof.
Proposition 4.12. Consider a quadruple of functions (bǫ, σǫ, rǫ, fǫ) and a real
number ξ. Assume that the function σǫ(x) is twice continuously differentiable in
(ǫ, x) on I × Rd. The quadruple (bǫ, σǫ, rǫ, fǫ) and ξ satisfy Assumptions 4.1 - 4.2
if and only if the quadruple (δǫ, 1, Rǫ, Fǫ) and ζǫ, defined by the Lamperti transfor-
mation, satisfy Assumptions 4.1 - 4.2. In this case, the recurrent eigenvalue and
the recurrent eigen-measure are invariant under the Lamperti transformation.
Assumptions 4.1 - 4.2 and Proposition 4.12 say that the quadruple (δǫ, 1, Rǫ, Fǫ)
and ζǫ also satisfy Assumptions 4.1 - 4.2. The notations
U ǫ, PLamp ǫ, LLamp ǫ, MLamp ǫ, Qǫ, (λǫ,Φǫ), ϕLampǫ , νLampǫ
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are straightforward. These objects will be used in Appendix C. It is notewor-
thy that the recurrent eigenfunction satisfies Φǫ = φǫ ◦ vǫ. Using the Hansen–
Scheinkman decomposition, the expectation pǫT in Eq.(4.14) is written as
pǫT = Φǫ(ζǫ) e
−λǫTEQǫU ǫ0=ζǫ[(Fǫ/Φǫ)(U
ǫ
T )] .
The main purpose of Section 4.2.1 is to introduce Theorem 4.13. This theorem
can be easily proven by using Theorem 4.3 and Corollary 4.11, so we omit the
proof. In Theorem 4.13, we emphasize that the initial value ζ is not perturbed in
condition (ii), whereas in condition (iii) the initial value ζη is perturbed.
Theorem 4.13. Let (bǫ, σǫ, rǫ, fǫ) and ξ be a quadruple of functions and a real
number, respectively, satisfying Assumptions 4.1 - 4.2. Assume that the function
σǫ(x) is twice continuously differentiable in (ǫ, x) on I × Rd. Define a quadruple
(δǫ, 1, Rǫ, Fǫ) and ζǫ by the Lamperti transformation (thus, satisfying Assumptions
4.1 - 4.2 by Proposition 4.12). Suppose that the following conditions hold.
(i) The quadruple (δǫ, 1, Rǫ, Fǫ) and ζǫ satisfy Assumption 4.6.
(ii) The quadruple (δǫ, 1, Rǫ, Fǫ) and ζ satisfy the hypothesis of either Theorem
4.8 or 4.10. (Thus, the partial derivative ∂
∂ǫ
E
Qǫ
U ǫ0=ζ
[(fη/φη)(U
ǫ
T )] exists and is
continuous in (η, ǫ) on I2.)
(iii) The partial derivative ∂∂ǫE
Qǫ
U ǫ0=ζη
[(fη/φη)(U
ǫ
T)] is continuous in (η, ǫ) on I
2.
Then, pǫT is differentiable at ǫ = 0 and the long-term behavior of the partial deriva-
tive is
lim
T→∞
1
T
∂
∂ǫ
∣∣∣
ǫ=0
ln pǫT = −
∂
∂ǫ
∣∣∣
ǫ=0
λǫ .
In the Lamperti transformation, one can choose any real number c in Eq.(4.12)
as a reference point. As a special case, if we put c = ξ, then ζǫ = 0 for all ǫ ∈ I.
Since the initial value U ǫ0 = ζǫ = 0 is not perturbed, condition (iii) in Theorem
4.13 is automatically guaranteed by (ii).
Corollary 4.14. If c = ξ in the Lamperti transformation in Eq.(4.12), then con-
dition (iii) in Theorem 4.13 can be omitted.
4.2.2 The Fournie et al. method with bounded-derivative coefficients
This section presents how the method developed by Fournie´ et al. (1999) can be
applied to analyze the long-term vega value. Let (b, σǫ, rǫ, fǫ) and ξ be a quadruple
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of functions and an initial value satisfying Assumptions 4.1, 4.2 and 4.6 with the
linear perturbation form
σǫ := σ + ǫσ .
In this section, assume the hypothesis in Fournie´ et al. (1999) holds, that is, the
functions b, σ and σ are continuously differentiable with bounded derivatives. The
perturbed process Xǫ satisfies
dXǫt = b(X
ǫ
t ) dt+ (σ + ǫσ)(X
ǫ
t ) dWt . (4.15)
We find a sufficient condition for (iii) in Theorem 4.3. Condition (iii) in The-
orem 4.3 states that the partial derivative ∂∂ǫE
Qǫ
ξ [(fη/φη)(X
ǫ
T )] exists and is con-
tinuous in (η, ǫ) on I2, and moreover,
lim
T→∞
1
T
∂
∂ǫ
∣∣∣
ǫ=0
E
Qǫ
ξ [(f/φ)(X
ǫ
T)] = 0 .
Observe that the ǫ-perturbation of Qǫ induces the drift perturbation and that
the ǫ-perturbation of Xǫ induces the diffusion perturbation in Eq.(4.15). From
Eq.(2.5), the Qǫ-dynamics of Xǫ is
dXǫt = (b+ (σ + ǫσ)ϕǫ)(X
ǫ
t ) dt+ (σ + ǫσ)(X
ǫ
t ) dW
ǫ
t .
Motivated by this expression, we define a process Xˆρ,ν with two parameters ρ and
ν by
dXˆρ,νt = (b+ (σ + ρσ)ϕρ)(Xˆ
ρ,ν
t ) dt+ (σ + νσ)(Xˆ
ρ,ν
t ) dWt (4.16)
where W is the Q-Brownian motion. The Qǫ-distribution of XǫT is equal to the
Q-distribution of Xˆǫ,ǫT , thus E
Qǫ
ξ [(fη/φη)(X
ǫ
T )] = E
Q
ξ [(fη/φη)(Xˆ
ǫ,ǫ
T )]. Applying the
chain rule, it follows that for a given η ∈ I
∂
∂ǫ
E
Qǫ
ξ [(fη/φη)(X
ǫ
T )] =
∂
∂ρ
∣∣∣
ρ=ǫ
E
Q
ξ [(fη/φη)(Xˆ
ρ,ǫ
T )] +
∂
∂ν
∣∣∣
ν=ǫ
E
Q
ξ [(fη/φη)(Xˆ
ǫ,ν
T )](4.17)
under the assumption that the two partial derivatives
∂
∂ρ
E
Q
ξ [(fη/φη)(Xˆ
ρ,ν
T )] and
∂
∂ν
E
Q
ξ [(fη/φη)(Xˆ
ρ,ν
T )] (4.18)
exist and are continuous in (ρ, ν) on I2. Thus, we obtain the following proposition,
which can be directly proven using Eq.(4.17) and the chain rule.
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Proposition 4.15. Let (b, σǫ, rǫ, fǫ) and ξ be a quadruple of functions and an
initial value satisfying Assumptions 4.1, 4.2, 4.6, and let σǫ have the linear per-
turbation form σǫ = σ+ ǫσ. Condition (iii) in Theorem 4.3 holds if the two partial
derivatives in Eq.(4.18) exist and are continuous in (η, ρ, ν) on I3 and if
lim
T→∞
1
T
∂
∂ρ
∣∣∣
ρ=0
E
Q
ξ [(f/φ)(Xˆ
ρ,0
T )] = 0 , (4.19)
lim
T→∞
1
T
∂
∂ν
∣∣∣
ν=0
E
Q
ξ [(f/φ)(Xˆ
0,ν
T )] = 0 . (4.20)
We now discuss our approach to the three assumptions of this proposition.
In the first assumption, the continuous differentiability on I3 of the two partial
derivatives is not easy to check in general; however, if the Q-density function
of Xˆρ,νT is known, then it can easily be checked case by case, as we will see in
later examples. In the second assumption, Eq.(4.19), only the drift is perturbed
because ν = 0 in Eq.(4.16). Therefore, Eq.(4.19) can be checked by using the
method presented in Section 4.1. We do not discuss the first two assumptions
further here.
For the rest of this section, we shift our attention to the third assumption,
Eq.(4.20), in which only the diffusion term is perturbed because ρ = 0 in Eq.(4.16).
Our purpose is to find a sufficient condition such that Eq.(4.20) holds. For con-
venience, we define Xˆν := Xˆ0,ν and XˆT := Xˆ
0
T . The Q-dynamics of Xˆ
ν is
dXˆνt = (b+ σϕ)(Xˆ
ν
t ) dt+ (σ + νσ)(Xˆ
ν
t ) dWt , t ≥ 0 .
Suppose that b+σϕ and f/φ are continuously differentiable with bounded deriva-
tives. Define a variation process Z by
dZt = (b+ σϕ)
′(Xˆt)Zt dt+ σ(Xˆt) dBt +
d∑
i=1
σ′i(Xˆt)Zt dBi,t , Z0 = 0d .
Here, σi is the i-th column vector of σ, and 0d is the d-dimensional zero col-
umn vector. Proposition 3.3 in Fournie´ et al. (1999) says that EQξ [(f/φ)(Xˆ
ν
T)] is
differentiable in ν on I and that
∂
∂ν
∣∣∣
ν=0
E
Q
ξ [(f/φ)(Xˆ
ν
T)] = E
Q
ξ [∇(f/φ)(XˆT)ZT ] .
From these observations, we obtain the following theorem.
Theorem 4.16. Let (b, σǫ, rǫ, fǫ) and ξ be a quadruple of functions and an initial
value satisfying Assumptions 4.1, 4.2 and 4.6, and let σǫ have the linear pertur-
bation form σǫ = σ + ǫσ. Assume that the functions b, σ, σ, b + σϕ and f/φ
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are continuously differentiable with bounded derivatives. Then, EQξ [(f/φ)(Xˆ
ν
T)] is
differentiable in ν on I. Moreover, if 1
T
E
Q
ξ [|ZT |] → 0 as T → ∞, then Eq.(4.20)
holds.
The proof is straightforward because∣∣∣EQξ [∇(f/φ)(XˆT)ZT ]
∣∣∣ ≤M EQξ [|ZT |]
where the derivative of f/φ is bounded by a constant M > 0.
Remark 4.17. In our analysis, there are two primary differences between the
sensitivities of delta and rho/vega. First, for delta, we explore the zeroth-order
growth rate
lim
T→∞
∇ξ ln pT = ∇ξ φ
φ(ξ)
,
which is given in Theorem 3.1. For rho/vega, we determine the first-order growth
rate
lim
T→∞
1
T
∂
∂ǫ
∣∣∣
ǫ=0
ln pǫT = −
∂
∂ǫ
∣∣∣
ǫ=0
λǫ
which is presented in Eq.(4.5). Second, the long-term delta is determined in terms
of the eigenfunction
∇ξ φ
φ(ξ) . However, the long-term rho/vega is determined in terms
of the eigenvalue − ∂∂ǫ
∣∣
ǫ=0
λǫ.
5 Examples of option prices
5.1 The CIR model
We conduct a sensitivity analysis of option prices whose underlying process is
the Cox-Ingersoll-Ross (CIR) short-rate model. Let P be a risk-neutral measure.
Define a quadruple of functions (b, σ, r, f) and an initial value ξ as follows. Let
b(x) = θ − ax , σ(x) = σ
√
|x| , r(x) = x
and let f : R→ R be a non-negative, non-zero, continuous function whose growth
rate is less than or equal to the polynomial growth rate. Fix a positive initial
value ξ > 0. Here, the parameters a and σ are positive constants and 2θ > σ2 so
that both the original short-rate process and the perturbed process stay strictly
positive for small perturbations of the parameters. The short interest rate is a
solution of the SDE
dXt = (θ − aXt) dt+ σ
√
|Xt| dBt , X0 = ξ . (5.1)
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This SDE has a unique strong solution, as proven by Yamada-Watanabe (Propo-
sition 2.13 on page 291 in Karatzas and Shreve (1991)). The option price whose
payoff is f(XT ) at maturity T is given by Eq.(1.1),
pT = E
P
ξ [e
− ∫ T
0
r(Xs) dsf(XT )] .
The sensitivities with respect to the parameters θ, a, σ, ξ are of interest to us.
The parameters θ, a, σ, ξ can also be regarded as perturbation parameters.
For example, consider the perturbation of θ. The perturbed drift in Eq.(5.1) is
bǫ(x) = (θ + ǫ) − ax, while the other functions σ, r, f and the initial value ξ are
not perturbed. Let pǫT be the expectation corresponding to this ǫ-perturbation
defined by Eq.(4.2). It is clear that
d
dθ
ln pT =
d
dǫ
∣∣∣
ǫ=0
ln pǫT , (5.2)
and thus, we may regard θ itself as a perturbation parameter. The other parame-
ters can also be understood to be perturbation parameters through this approach.
The quadruple of functions (b, σ, r, f) and the initial value ξ satisfy Assump-
tions 4.1 - 4.2. The recurrent eigenpair is (λ, φ(x)) := (θκ, e−κx) where κ :=√
a2+2σ2−a
σ2 . Using this eigenpair (λ, φ), the sensitivities of the long-term option
prices with respect to parameters θ, a, σ, ξ are
lim
T→∞
∂
∂ξ
ln pT =
φ′(ξ)
φ(ξ)
= −
√
a2 + 2σ2 − a
σ2
,
lim
T→∞
1
T
∂
∂θ
ln pT = −∂λ
∂θ
= −
√
a2 + 2σ2 − a
σ2
,
lim
T→∞
1
T
∂
∂a
ln pT = −∂λ
∂a
=
θ(
√
a2 + 2σ2 − a)
σ2
√
a2 + 2σ2
,
lim
T→∞
1
T
∂
∂σ
ln pT = −∂λ
∂σ
=
θ(
√
a2 + 2σ2 − a)2
σ3
√
a2 + 2σ2
.
(5.3)
For more details about the sensitivities of the CIR model, see Appendix D.
5.2 Quadratic models
We investigate the sensitivities of option prices whose underlying process is a short
interest rate given by a quadratic-term structure model. This section is based on
Section 6.2 in Qin and Linetsky (2016). Let P be a risk-neutral measure. Define
a quadruple of functions (b, σ, r, f) and an initial value ξ as follows. Let
b(x) = b+Bx , σ(x) = σ ,
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where b = (bi)1≤i≤d is a d-dimensional column vector, B = (Bij)1≤i,j≤d is a d × d
matrix, and σ = (σij)1≤i,j≤d is a non-singular d×dmatrix. It follows that a := σσ⊤
is strictly positive definite. The short interest rate function r is given by
r(x) = β + 〈α, x〉+ 〈Γx, x〉
where the constant β, vector α and symmetric positive definite Γ are such that
the short interest rate r(x) is non-negative for all x ∈ Rd. Let f : Rd → R be a
non-negative, non-zero, bounded function with bounded support. Fix an initial
value ξ ∈ Rd. The underlying process X is a d-dimensional Ornstein-Uhlenbeck
process satisfying the SDE
dXt = (b+BXt) dt+ σ dBt , X0 = ξ .
We analyze the sensitivities of option prices given in Eq.(1.1) with respect
to the perturbations of the parameters b, B, σ and ξ in the underlying process
X. As discussed in Eq.(5.2), these parameters can be regarded as perturbation
parameters. The quadruple of functions (b, σ, r, f) and the initial value ξ satisfy
Assumptions 4.1 - 4.2. The recurrent eigenpair is
(λ, φ(x)) = (β − 1
2
u⊤au + tr(aV ) + u⊤b , e−〈u,x〉−〈V x,x〉), (5.4)
where V is the stabilizing solution, defined as a unique solution of
2V aV − B⊤V − V B − Γ = 0
such that all eigenvalues of B − 2aV have negative real parts, and u := (2V a −
B⊤)−1(2V b + α). By using the eigenpair in Eq.(5.4), we obtain the long-term
sensitivities
lim
T→∞
∇ξ ln pT = −u− 2V ξ , lim
T→∞
1
T
∂
∂bi
ln pT = −∂λ
∂bi
, lim
T→∞
1
T
∂
∂Bij
ln pT = − ∂λ
∂Bij
for 1 ≤ i, j ≤ d. If f is continuously differentiable with compact support, then we
have
lim
T→∞
1
T
∂
∂σi
ln pT = − ∂λ
∂σi
.
See Appendix E for more details.
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6 Examples of expected utilities
6.1 The Heston model
This section conducts a sensitivity analysis of the expected utility from holding an
asset. Under the physical measure L, suppose that the asset S = (St)t≥0 follows
the Heston model,
dSt = µSt dt+
√
vtSt dZ
S
t ,
dvt = (γ − βvt) dt+ δ
√
|vt| dZvt ,
where ZS and Zv are correlated L-Brownian motions with 〈ZSt , Zvt 〉t = ρt for
−1 ≤ ρ ≤ 1. Let the parameters be µ, γ, β, δ > 0 and 2γ > δ2. We consider
a power utility function of the form u(c) = cα for 0 < α < 1. The long-term
sensitivities of the expected utility
pT := E
L[u(ST )] = E
L[SαT ] = E
L[eα
∫ T
0
√
vs dZs−α2
∫ T
0
vs ds] eαµTSα0
are of interest to us.
The Heston model and the above expectation pT do not satisfy the underly-
ing framework (Assumption 1.1 and Eq.(1.1)) of this paper. We manipulate the
setting to fit the underlying framework as follows. Define a measure P on FT by
dP
dL
∣∣∣
FT
= eα
∫ T
0
√
vs dZs−α22
∫ T
0 vs ds
so that the expectation pT is expressed as
pT = E
P[e−
1
2α(1−α)
∫ T
0
vs ds] eαµTSα0 .
By the Girsanov theorem, the P-dynamics of v is
dvt = (γ − (β − αρδ)vt) dt+ δ√vt dBt
with a P-Brownian motion B. Define a process X by Xt =
1
2α(1−α)vt. It follows
that X is a CIR model satisfying
dXt =
(1
2
α(1− α)γ − (β − αρδ)Xt
)
dt+
δ
√
2α(1− α)
2
√
|Xt| dBt , X0 = 1
2
α(1− α)v0 .
We define ξ := 1
2
α(1 − α)v0 and qT := EPξ [e−
∫ T
0 Xs ds]. Then pT = qT e
αµTSα0 . In
conclusion, the quadruple of functions of x
(1
2
α(1− α)γ − (β − αρδ)x, δ
√
2α(1− α)
2
√
|x|, x, 1
)
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and the initial value ξ satisfy the underlying framework of this paper. Here, 1 is
a constant function that is identically equal to one.
The sensitivities of qT for large T are already analyzed in Section 5.1. With
new parameters θ = 12α(1− α)γ, a = β − ραδ and σ = δ2
√
2α(1− α), the process
X is expressed as
dXt = (θ − aXt) dt+ σ
√
|Xt| dBt , X0 = ξ ,
which is equal to Eq.(5.1). Employing the results of Section 5.1 and the chain
rule, we obtain the following sensitivities. For the drift term sensitivities of S and
v, we have
lim
T→∞
1
T
∂
∂µ
ln pT = α ,
lim
T→∞
1
T
∂
∂γ
ln pT = lim
T→∞
1
T
∂
∂γ
ln qT = lim
T→∞
1
T
∂
∂θ
ln qT
∂θ
∂γ
=
1
2
α(1− α) lim
T→∞
1
T
∂
∂θ
ln qT = −1
2
α(1− α)
√
a2 + 2σ2 − a
σ2
= −1
2
α(1− α)
√
(β − ραδ)2 + δ2α(1− α)− β + ραδ
δ2
,
lim
T→∞
1
T
∂
∂β
ln pT = lim
T→∞
1
T
∂
∂β
ln qT = lim
T→∞
1
T
∂
∂a
ln qT
∂a
∂β
= lim
T→∞
1
T
∂
∂a
ln qT
=
θ(
√
a2 + 2σ2 − a)
σ2
√
a2 + 2σ2
=
√
(β − ραδ)2 + δ2α(1− α)− β + ραδ
δ2
√
(β − ραδ)2 + δ2α(1− α) .
For the volatility term sensitivities of S and v, it can be shown that
lim
T→∞
1
T
∂
∂δ
ln pT = −ρα
√
(β − ραδ)2 + δ2α(1− α)− β + ραδ
δ2
√
(β − ραδ)2 + δ2α(1− α)
+
(
√
(β − ραδ)2 + δ2α(1− α)− β + ραδ)2
δ3
√
(β − ραδ)2 + δ2α(1− α) ,
lim
T→∞
1
T
∂
∂ρ
ln pT = −α
√
(β − ραδ)2 + δ2α(1− α)− αβ + ρα2δ
δ
√
(β − ραδ)2 + δ2α(1− α) .
For the delta values, we have
lim
T→∞
∂
∂S0
ln pT =
α
S0
,
lim
T→∞
∂
∂v0
ln pT = −1
2
α(1− α)
√
(β − ραδ)2 + δ2α(1− α)− β + ραδ
δ2
.
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6.2 The 3/2 LETF model
A sensitivity analysis of the expected utility from holding an exchange-traded
fund (ETF) is now performed. A leveraged ETF (LETF) L = (Lt)t≥0 is a fund
designed to amplify the return by using a reference process. Typical reference
processes are index, stock, currency and commodity. Assume that the reference
process X stays positive and the short interest rate is a constant r > 0. The LETF
is a constant proportion portfolio invested in the reference process and the money
market account. The proportion is called the leverage ratio of the LETF and is
denoted by β.
An LETF with leverage ratio β ≥ 1 (respectively, β ≤ −1) is said to be long-
leveraged (respectively, short-leveraged) and is characterized as follows. Fix an
initial investment L0 in the LETF for a given initial value X0 of the reference
process. At time t ≥ 0, the cash amount of βLt is invested in the reference at
price Xt, and the amount (β−1)Lt is financed at the risk-free rate r. In the actual
financial market, common leverage ratios are β = 1, 2, 3 (long) and β = −1,−2,−3
(short). Refer to Leung and Sircar (2015) for more details about LETFs.
Based on this characterization, the LETF L = (Lt)t≥0 satisfies
dLt
Lt
= β
(dXt
Xt
)
− ((β − 1)r) dt
=
(
β
(µ(Xt)
Xt
)
− (β − 1)r
)
dt+ β
(σ(Xt)
Xt
)
dBt ,
which can be written as
Lt
L0
= e(1−β)rt−
1
2β(β−1)
∫ t
0 σ
2(Xs)/X
2
s ds
(Xt
X0
)β
.
Assume that the utility is a power function of the form u(c) = cα for 0 < α < 1,
and the reference process X is given by the 3/2 model
dXt = (θ − aXt)Xt dt+ σ|Xt|3/2 dBt , X0 = ξ
with positive constants θ, a, σ, ξ under the physical measure P. This process
stays positive and is mean-reverting. For a practical example, one can consider
the LETF on commodity prices or volatility indices. The expected utility from
holding the LETF L is
pT := E
P[u(LT)] = E
P[e−
1
2αβ(β−1)σ2
∫ t
0
Xu duXαβt ] e
α(1−β)rtξ−αβLα0 .
The sensitivity of pT is of interest to us. For convenience, we define
qT := E
P[e−
1
2αβ(β−1)σ2
∫ t
0 Xu duXαβt ] (6.1)
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so that pT = qTe
α(1−β)rtξ−αβLα0 .
The above expectation qT fits into the underlying framework of this paper.
Observe that the quadruple of functions is
(b(x), σ(x), r(x), f(x)) := ((θ − ax)x, σ|x|3/2, 1
2
αβ(1− β)σ2x, xαβ)
and the initial value is ξ > 0. These satisfy Assumptions 4.1 - 4.2, and the recurrent
eigenpair is (λ, φ(x)) := (θℓ , x−ℓ) where
ℓ :=
√(1
2
+
a
σ2
)2
+ αβ(β − 1)−
(1
2
+
a
σ2
)
. (6.2)
It can be shown that if |β| ≤ 3, which is a realistic condition, then the function
f(x) = xαβ satisfies Assumption 2.4.
With this eigenpair, we obtain the long-term sensitivities of the expectation
pT . The sensitivity of ξ is
lim
T→∞
∂
∂ξ
ln pT = −αβξ−αβ−1 lim
T→∞
∂
∂ξ
ln qT = −αβξ−αβ−1φ
′(ξ)
φ(ξ)
= αβℓξ−αβ−2 .
(6.3)
For the sensitivity of θ,
lim
T→∞
1
T
∂
∂θ
ln pT = −
√(1
2
+
a
σ2
)2
+ αβ(β − 1)−
(1
2
+
a
σ2
)
.
For the sensitivities of a and σ, when a
σ2
+ 1− αβ > 0, we have
lim
T→∞
1
T
∂
∂a
ln pT =
θ(
√
(12 +
a
σ2 )
2 + αβ(β − 1)− (σ2 + a))
σ2
√
(1
2
+ a
σ2
)2 + αβ(β − 1)
(6.4)
and
lim
T→∞
1
T
∂
∂σ
ln pT =
2aθ(
√
(12 +
a
σ2 )
2 + αβ(β − 1)− (12 + aσ2 ))
σ3
√
(1
2
+ a
σ2
)2 + αβ(β − 1)
. (6.5)
See Appendix F for more details.
7 Conclusion
This paper conducts a sensitivity analysis of long-term cash flows. The price of the
cash flow at time zero is given by the expectation form pT = E
P
ξ [e
− ∫ T0 r(Xs) dsf(XT )].
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We explore the extent to which the price of the cash flow is affected by small
perturbations of the underlying Markov diffusion processX. Essentially, two types
of perturbations are presented. First, the sensitivity with respect to the initial
value ξ = X0 is investigated. Using the Hansen–Scheinkman decomposition, the
expectation pT can be expressed as
pT = φ(ξ) e
−λTEQξ [(f/φ)(XT)],
with the recurrent eigenpair (λ, φ) and the recurrent eigen-measure Q. Under
appropriate conditions, we obtain the long-term sensitivity
lim
T→∞
∇ξ ln pT = ∇ξ φ
φ(ξ)
.
Second, the sensitivities with respect to the drift and volatility terms are stud-
ied. From the Hansen–Scheinkman decomposition, the perturbed expectation
pǫT = E
P
ξ [e
− ∫ T
0
r(Xǫs) dsf(XǫT )] induced by the perturbed process X
ǫ is expressed as
pǫT = e
−λǫTφǫ(ξ)E
Qǫ
ξ [(fǫ/φǫ)(X
ǫ
T )],
with the recurrent eigenpair (λǫ, φǫ) and the recurrent eigen-measure Q
ǫ.We prove
that the long-term sensitivity of pǫT with respect to the perturbation parameter ǫ
can be expressed in a simple form as
lim
T→∞
1
T
∂
∂ǫ
∣∣∣
ǫ=0
ln pǫT = −
∂
∂ǫ
∣∣∣
ǫ=0
λǫ .
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A Proof of Theorem 4.8
Propositions A.1 and A.2 are essential steps for proving Theorem 4.8. Proposition
A.1 is a generalization of Proposition 3.1 in Fournie´ et al. (1999). We modify their
proof. Recall the functions kǫ and k defined in Eq.(4.6).
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Proposition A.1. Let (bǫ, σ, rǫ, fǫ) and ξ be a quadruple of functions and an initial
value, respectively, satisfying Assumptions 4.1 - 4.2. Assume that both φǫ(x) and
∇φǫ(x) (thus, kǫ(x)) are continuously differentiable in ǫ on I for each x and that
there exist functions g, ψ : Rd → R satisfying Eq.(4.7) and Eq.(4.8) for (ǫ, x) in
I ×Rd. Suppose that for each T > 0 there exist positive constants ǫ0, ǫ1, p, q with
p ≥ 2 and 1/p+ 1/q = 1 such that
E
Q
ξ [e
ǫ0
∫ T
0
g2(Xs) ds] <∞ , (A.1)
E
Q
ξ
[ ∫ T
0
gp+ǫ1(Xs) ds
]
<∞ , (A.2)
E
Q
ξ [ψ
q(XT )] <∞ . (A.3)
Then the partial derivative ∂∂ǫE
Qǫ
ξ [(fη/φη)(X
ǫ
T )] exists and
∂
∂ǫ
E
Qǫ
ξ [(fη/φη)(X
ǫ
T )] = E
Qǫ
ξ
[
(fη/φη)(X
ǫ
T )
∫ T
0
kǫ(X
ǫ
s) dW
ǫ
s
]
. (A.4)
Moreover, this partial derivative is continuous in (η, ǫ) on I2.
The proof is organized as follows.
(I) First, prove Eq.(A.4) for ǫ = 0, that is,
∂
∂ǫ
∣∣∣
ǫ=0
E
Qǫ
ξ [(fη/φη)(X
ǫ
T )] = E
Q
ξ
[
(fη/φη)(XT )
∫ T
0
k(Xs) dWs
]
. (A.5)
We conduct the following sub-steps to show the above equality.
(i) Show that
∂
∂ǫ
∣∣∣
ǫ=0
E
Qǫ
ξ [(fη/φη)(X
ǫ
T )] = lim
ǫ→0
E
Q
ξ
[
(fη/φη)(XT )
∫ T
0
Zǫs ℓǫ(Xs) dWs
]
for the first-order approximation ℓǫ of kǫ in ǫ-perturbation, and for an
exponential martingale Zǫ. Both ℓǫ and Z
ǫ are defined later. Then it
is enough to show that
lim
ǫ→0
E
Q
ξ
[
(fη/φη)(XT )
∫ T
0
(Zǫsℓǫ(Xs)− k(Xs)) dWs
]
= 0 (A.6)
which gives the desired result stated in Eq.(A.5).
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(ii) To show (A.6), it suffices to show that
∫ T
0 (Z
ǫ
sℓǫ(Xs)− k(Xs)) dWs → 0
in Lp as ǫ→ 0. Observing the equality
∫ T
0
(Zǫsℓǫ(Xs)−k(Xs)) dWs =
∫ T
0
(Zǫs−1)ℓǫ(Xs) dWs+
∫ T
0
(ℓǫ−k)(Xs) dWs ,
we prove that the two terms on the right-hand side converge to zero in
Lp as ǫ→ 0.
(II) Using Eq.(A.5), verify Eq.(A.4) for arbitrary ǫ ∈ I.
(III) Prove that the partial derivative in Eq.(A.4) is continuous in (η, ǫ) on I2.
Proof. The proof of Proposition A.1 will be given in several steps.
Step (I) - (i). From Eq.(2.4) and Eq.(2.5), a process (W ǫt )t≥0 := (Bt−
∫ t
0 ϕǫ(X
ǫ
s) ds)t≥0
is a Qǫ-Brownian motion, and the Qǫ-dynamics of Xǫ is
dXǫt = (bǫ + σϕǫ)(X
ǫ
t ) dt+ σ(Xt) dW
ǫ
t = (σkǫ)(X
ǫ
t ) dt+ σ(X
ǫ
t ) dW
ǫ
t .
Because kǫ is continuously differentiable in ǫ on I, by the Taylor expansion, we
write kǫ = k + ǫℓǫ for some d × 1 vector function ℓǫ. The Qǫ-dynamics of Xǫ is
expressed by
dXǫt = (σk + ǫσℓǫ)(X
ǫ
t ) dt+ σ(X
ǫ
t ) dW
ǫ
t .
By Assumption (A.1), the process
(Zǫt )0≤t≤T := (e
ǫ
∫ t
0
ℓǫ(Xs) dWs− ǫ22
∫ t
0
|ℓǫ|2(Xs) ds)0≤t≤T
is a martingale for small ǫ because the Novikov condition is satisfied. Here we
used the mean-value theorem
|ℓǫ(x)| =
∣∣∣∣kǫ(x)− k(x)ǫ
∣∣∣∣ =
∣∣∣∣ ∂∂ǫ
∣∣∣
ǫ=ǫ∗
kǫ(x)
∣∣∣∣ ≤ g(x)
for some ǫ∗ ∈ I. By the Girsanov theorem, we have EQǫξ [(fη/φη)(XǫT )] = EQξ [(fη/φη)(XT )ZǫT ],
and thus
∂
∂ǫ
∣∣∣
ǫ=0
E
Qǫ
ξ [(fη/φη)(X
ǫ
T )] =
∂
∂ǫ
∣∣∣
ǫ=0
E
Q
ξ [(fη/φη)(XT )Z
ǫ
T ]
= lim
ǫ→0
E
Q
ξ
[
(fη/φη)(XT )
ZǫT − 1
ǫ
]
= lim
ǫ→0
E
Q
ξ
[
(fη/φη)(XT )
∫ T
0
Zǫs ℓǫ(Xs) dWs
]
.
(A.7)
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For the last equality, we used
ZǫT−1
ǫ =
∫ T
0 Z
ǫ
s ℓǫ(Xs) dWs, which is easily obtained
by the Ito formula. From Eq.(A.7), it suffices to prove that
lim
ǫ→0
E
Q
ξ
[
(fη/φη)(XT )
∫ T
0
(Zǫsℓǫ(Xs)− k(Xs)) dWs
]
= 0 ,
which gives Eq.(A.5).
Step (I) - (ii). From the condition EQξ [(fη/φη)
q(XT )] ≤ EQξ [ψq(XT )] < ∞, by the
Holder inequality, it is enough to show that
∫ T
0 (Z
ǫ
sℓǫ(Xs)− k(Xs)) dWs converges
to 0 in Lp as ǫ→ 0. Using the equality
∫ T
0
(Zǫsℓǫ(Xs)−k(Xs)) dWs =
∫ T
0
(Zǫs−1)ℓǫ(Xs) dWs+
∫ T
0
(ℓǫ−k)(Xs) dWs , (A.8)
we show that each term on the right-hand side converges to zero in Lp. For the
second term on the right-hand side, we use the Lebesgue dominated convergence
theorem. Because |ℓǫ − k|p ≤ c (|ℓǫ|p + |k|p) ≤ 2cgp for some positive constant c,
and EQξ [
∫ T
0 g
p(Xs) ds] is finite, we have
E
Q
ξ
[∣∣∣
∫ T
0
(ℓǫ − k)(Xs) dWs
∣∣∣p] ≤ cq EQξ
[( ∫ T
0
|ℓǫ − k|2(Xs) ds
)p
2
]
≤ cq T
p
2−1 EQξ
[ ∫ T
0
|ℓǫ − k|p(Xt) dt
]
→ 0
as ǫ→ 0 for some positive constant cq which is independent of ǫ. The Burkholder-
Davis-Gundy inequality and the Jensen inequality were used.
For the first term on the right-hand side of Eq.(A.8), we prove that
lim
ǫ→0
E
Q
ξ
[∣∣∣
∫ T
0
(Zǫs − 1) ℓǫ(Xs) dWs
∣∣∣p] = 0 .
Let r > 0 be such that 1/r + 1/(1 + ǫ1/p) = 1. Applying the Burkholder-Davis-
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Gundy inequality, the Jensen inequality and the Holder inequality, we have
E
Q
ξ
[∣∣∣
∫ T
0
(Zǫs − 1) ℓǫ(Xs) dWs
∣∣∣p]
≤ cq EQξ
[( ∫ T
0
(Zǫs − 1)2 |ℓǫ|2(Xs) ds
)p
2
]
≤ cq T
p
2−1EQξ
[ ∫ T
0
|Zǫs − 1|p |ℓǫ|p(Xs) ds
]
≤ cq T
q
2−1
(
E
Q
ξ
[ ∫ T
0
|Zǫs − 1|pr ds
]) 1
r
(
E
Q
ξ
[ ∫ T
0
|ℓǫ|p+ǫ1(Xs) ds
]) p
p+ǫ1
≤ cq T
q
2−1
(
E
Q
ξ
[ ∫ T
0
|Zǫs − 1|pr ds
]) 1
r
(
E
Q
ξ
[ ∫ T
0
gp+ǫ1(Xs) ds
]) p
p+ǫ1 .
In the last inequality, since EQξ [
∫ T
0 g
p+ǫ1(Xs) ds] is finite from Assumption (A.2),
it suffices to prove that EQξ [
∫ T
0 |Zǫs − 1|pr ds]→ 0 as ǫ→ 0. Choose a positive even
integer m such that m > pr.
We will show that EQξ [
∫ T
0 (Z
ǫ
s − 1)m ds] converges to zero as ǫ → 0. Observe
that
(Zǫt − 1)m =
m∑
j=0
(
m
j
)
(−1)jZǫ jt . (A.9)
Because
E
Q
ξ
[ ∫ T
0
(Zǫs − 1)m ds
]
=
m∑
j=0
(
m
j
)
(−1)j
∫ T
0
E
Q
ξ [Z
ǫ j
t ] dt→ T
m∑
j=0
(
m
j
)
(−1)j = 0 ,
it is enough to show that
∫ T
0 E
Q
ξ [Z
ǫ j
t ] dt converges to T as ǫ→ 0 for j = 0, 1, · · · , m.
To achieve this, the Lebesgue dominated convergence theorem is used. We prove
that the expectation EQξ [Z
ǫ j
t ] is uniformly bounded by a constant for small ǫ and
0 ≤ t ≤ T, and that EQξ [Zǫ jt ] converges to 1 as ǫ → 0 for each fixed t. Observe
that
E
Q
ξ [Z
ǫ j
t ]
= EQξ [e
jǫ
∫ t
0
ℓǫ(Xs) dWs− 12jǫ2
∫ t
0
|ℓǫ|2(Xs) ds]
= EQξ [e
jǫ
∫ t
0 ℓǫ(Xs) dWs−j2ǫ2
∫ t
0 |ℓǫ|2(Xs) dsej(j−1/2)ǫ
2
∫ t
0 |ℓǫ|2(Xs) ds]
≤ (EQξ [e2jǫ
∫ t
0
ℓǫ(Xs) dWs−2j2ǫ2
∫ t
0
|ℓǫ|2(Xs) ds])
1
2 (EQξ [e
j(2j−1)ǫ2 ∫ t
0
|ℓǫ|2(Xs) ds])
1
2
= (EQξ [e
j(2j−1)ǫ2 ∫ t0 |ℓǫ|2(Xs) ds]) 12 (∵ the former term is a martingale for small ǫ)
≤ (EQξ [ej(2j−1)ǫ
2
∫ t
0
g2(Xs) ds])
1
2 .
33
By choosing smaller I if necessary, we may assume that j(2j − 1)ǫ2 ≤ ǫ0 for all
ǫ ∈ I and j = 0, 1, . . . , m. For 0 ≤ t ≤ T and ǫ ∈ I, we have
E
Q
ξ [Z
ǫ j
t ] ≤ (EQξ [eǫ0
∫ T
0
g2(Xs) ds])
1
2 . (A.10)
Thus, for ǫ ∈ I and 0 ≤ t ≤ T, the expectation EQξ [Zǫ jt ] is uniformly bounded by
the constant (EQξ [e
ǫ0
∫ T
0
g2(Xs) ds])
1
2 which is a finite number by Assumption (A.1).
We now show that EQξ [Z
ǫ j
t ] converges to 1 as ǫ → 0 for fixed t ∈ [0, T ].
Apply the Lebesgue dominated convergence theorem to ej(2j−1)ǫ
2
∫ t
0 g
2(Xs) ds as ǫ→
0. Because this is dominated by eǫ0
∫ T
0 g
2(Xs) ds whose expectation is finite, we know
that EQξ [e
j(2j−1)ǫ2 ∫ t
0
g2(Xs) ds] converges to 1 as ǫ→ 0. It follows that
1 = EQξ [lim infǫ→0
Zǫ jt ] ≤ lim inf
ǫ→0
E
Q
ξ [Z
ǫ j
t ]
≤ lim sup
ǫ→0
E
Q
ξ [Z
ǫ j
t ] ≤ lim
ǫ→0
E
Q
ξ [e
j(2j−1)ǫ2 ∫ t0 g2(Xs) ds] = 1 . (A.11)
This completes the proof.
Step (II). We show Eq.(A.4) for arbitrary ǫ ∈ I. Fix ǫ ∈ I and choose an open
interval J at 0 small enough so that ǫ + J is still in I. To utilize Eq.(A.5), we
introduce another parameter h in the interval J. Consider the quadruple of func-
tions (bǫ+h, σ, rǫ+h, fǫ+h) and ξ with perturbation parameter h. This quadruple
and initial value satisfy the hypothesis of Proposition A.1 because ǫ+ J is a sub-
set of I. Thus, from the result of Step (I), we know that EQ
ǫ+h
ξ [(fη/φη)(X
ǫ+h
T )] is
differentiable at h = 0, and
∂
∂ǫ
∣∣∣
h=0
E
Qǫ+h
ξ [(fη/φη)(X
ǫ+h
T )] = E
Qǫ
ξ
[
(fη/φη)(X
ǫ
T )
∫ T
0
kǫ(X
ǫ
s) dW
ǫ
s
]
for kǫ(x) =
∂
∂ǫkǫ(x) =
∂
∂h
∣∣
h=0
kǫ+h(x). This gives Eq.(A.4).
Step (III). Prove that the partial derivative
∂
∂ǫ
E
Qǫ
ξ [(fη/φη)(X
ǫ
T )] = E
Qǫ
ξ
[
(fη/φη)(X
ǫ
T )
∫ T
0
kǫ(X
ǫ
s) dW
ǫ
s
]
is continuous in (η, ǫ) on I2. Without loss of generality, we prove the continuity
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at the origin (η, ǫ) = (0, 0). Observe that
E
Qǫ
ξ
[
(fη/φη)(X
ǫ
T )
∫ T
0
kǫ(X
ǫ
s) dW
ǫ
s
]
=EQξ
[
(fη/φη)(XT )
(∫ T
0
kǫ(Xs) dWs + ǫ
∫ T
0
(kǫℓǫ)(Xs) ds
)
ZǫT
]
.
For convenience, define
HǫT :=
(∫ T
0
kǫ(Xs) dWs + ǫ
∫ T
0
(kǫℓǫ)(Xs) ds
)
ZǫT
HT := H
0
T .
We want to show that as (η, ǫ)→ (0, 0),
E
Q
ξ [(fη/φη)(XT )H
ǫ
T ]→ EQξ [(f/φ)(XT)HT ] .
Since EQξ [ψ
q(XT )] is finite, from the Lebesgue dominated convergence theorem, we
know that (fη/φη)(XT ) converges to (f/φ)(XT) in L
q as η → 0. Thus, it suffices to
show that HǫT converges to HT in L
p as ǫ→ 0. This convergence can be obtained
by showing that
ZǫT
∫ T
0
kǫ(Xs) dWs →
∫ T
0
k(Xs) dWs , (A.12)
ǫZǫT
∫ T
0
(kǫℓǫ)(Xs) ds→ 0 (A.13)
in Lp as ǫ→ 0.
We prove Eq.(A.12). Choose a sufficiently large positive even integer m such
that 1p+ǫ1 +
1
m <
1
p . From the generalized Holder inequality, it suffices to show that
as ǫ→ 0 ∫ T
0
kǫ(Xs) dWs →
∫ T
0
k(Xs) dWs in L
p+ǫ1
and
ZǫT → 1 in Lm .
The second Lm-convergence is obtained from Eq.(A.9) and the fact that limǫ→0E
Q
ξ [Z
ǫ j
T ] =
1 which was shown in Eq.(A.11) for j = 0, 1, · · · , m. For the first Lp+ǫ1-convergence,
observe that
E
Q
ξ
[∣∣∣
∫ T
0
(kǫ − k)(Xs) dWs
∣∣∣p+ǫ1] ≤ cp+ǫ1 EQξ
[ ∫ T
0
|kǫ − k|p+ǫ1(Xs) ds
]
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where cp+ǫ1 is the constant from the David-Burkholder-Gundy inequality. From
Assumption (A.2), the Lebesgue dominated convergence theorem says
E
Q
ξ
[ ∫ T
0
|kǫ − k|p+ǫ1(Xs) ds
]
→ 0 as ǫ→ 0 .
Now we prove Eq.(A.13). It is enough to show that ZǫT
∫ T
0 (kǫℓǫ)(Xs) ds is
uniformly bounded in ǫ on I in Lp. This is achieved from
E
Q
ξ
[∣∣∣ZǫT
∫ T
0
(kǫℓǫ)(Xs) ds
∣∣∣p] ≤ EQξ
[
Zǫ pT
(∫ T
0
g2(Xs) ds
)p]
≤
(
E
Q
ξ [Z
ǫ 2p
T ]
)1/2 (
E
Q
ξ
[( ∫ T
0
g2(Xs) ds
)2p])1/2
.
The first expectation EQξ [Z
ǫ 2p
T ] is uniformly bounded in ǫ on I by constant (E
Q
ξ [e
ǫ0
∫ T
0
g2(Xs) ds])
1
2
by using the same method as in Eq.(A.10). The second expectation EQξ [(
∫ T
0 g
2(Xs) ds)
2p]
is finite since EQξ [e
ǫ0
∫ T
0 g
2(Xs) ds] is finite by Assumption (A.1).
The following proposition says that the exponential growth rate of the expec-
tation of eYT in time T guarantees the T p-order growth rate of the expectation of
Y pT in time T for any positive constant p.
Proposition A.2. Let (Yt)t≥0 be a non-negative stochastic process and p be a
positive constant. Suppose that there are positive constants a and c such that for
all T > 0,
E[eYT ] ≤ c eaT .
Then there exists a positive constant d such that
E[Y pT ] ≤ d T p
for all sufficiently large T > 0.
Proof. It suffices to show that lim supT→∞
E[Y pT ]
T p
is finite. Suppose that the lim sup
is divergent to infinity. There exists a sequence {Tn}∞n=1 such that Tn → ∞
and bn :=
E[Y pTn ]
T pn
→ ∞ as n → ∞. Let pˆ be a non-negative integer such that
pˆ < p ≤ pˆ + 1. For any non-negative random variable Y, we know that
E[eY ] =
∞∑
j=0
E[Y j]
j!
≥
∞∑
j=pˆ+1
E[Y j]
j!
≥
∞∑
j=pˆ+1
(E[Y p])
j
p
j!
=
∞∑
j=0
(E[Y p])
j
p
j!
−
pˆ∑
j=0
(E[Y p])
j
p
j!
= e(E[Y
p])
1
p −
pˆ∑
j=0
(E[Y p])
j
p
j!
.
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Here, we used the Taylor expansion and the Jensen inequality. Substituting Y =
YTn, because E[Y
p
Tn
] → ∞ as n → ∞ and the exponential growth rate is faster
than the polynomial growth rate, it follows that
E[eYTn ] ≥ e(E[Y pTn ])
1
p −
pˆ∑
j=0
(E[Y pTn])
j
p
j!
≥ 1
2
e(E[Y
p
Tn
])
1
p
=
1
2
eb
1
p
n Tn
for sufficiently large n. From the assumption, we obtain
c eaTn ≥ E[eYTn ] ≥ 1
2
eb
1
p
n Tn
which is a contradiction because limn→∞ bn =∞.
Proof. We now prove Theorem 4.8. By Proposition A.1, the existence and the
continuity of the partial derivative are directly obtained. From Eq.(A.5), it suffices
to show that
lim
T→∞
1
T
E
Q
ξ
[
(f/φ)(XT )
∫ T
0
k(Xs) dWs
]
= 0 .
Since the growth rate of EQξ [e
ǫ0
∫ T
0
g2(Xs) ds] is less than or equal to the exponential
rate, Proposition A.2 says that the growth rate of EQξ [(
∫ T
0 g
2(Xs) ds)
p
2 ] is less than
or equal to the T
p
2 -order growth rate. Thus, there is a constant dp depending on
p but not on T such that
(
E
Q
ξ
[( ∫ T
0
|k|2(Xs) ds
)p
2
]) 2
p ≤
(
E
Q
ξ
[( ∫ T
0
g2(Xs) ds
)p
2
]) 2
p ≤ dpT
for sufficiently large T. Using the Holder inequality and the Burkholder-Davis-
Gundy inequality, it follows that
1
T
E
Q
ξ
[∣∣∣(f/φ)(XT)
∫ T
0
k(Xs) dWs
∣∣∣]
≤ 1
T
(
E
Q
ξ [(f/φ)
q(XT )]
)1
q
(
E
Q
ξ
[∣∣∣
∫ T
0
k(Xs) dWs
∣∣∣p])
1
p
≤ cq
T
(
E
Q
ξ [(f/φ)
q(XT )]
)1
q
(
E
Q
ξ
[( ∫ T
0
|k|2(Xs) ds
)p
2
]) 1
p
≤ cq
T
(
E
Q
ξ [(f/φ)
q(XT )]
)1
q
(dpT )
1
2
=
cqd
1
2
q
T
1
2
(
E
Q
ξ [(f/φ)
q(XT )]
)1
q → 0
(A.14)
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as T → ∞ because EQξ [(f/φ)q(XT )] is uniformly bounded in T on [0,∞). This
completes the proof.
B Proof of Theorem 4.10
Proof. Let c1 be a positive constant such that E
Q
ξ [e
ǫ0 g
2(XT )] ≤ c1 for all T ≥ 0.
Replacing q by a sufficiently small positive number, we may assume that 1 < q ≤ 2,
and that a constant p defined by 1/p+ 1/q = 1 (thus, p ≥ 2) is an even integer.
For a fixed T > 0, we first show that the conditions of Proposition A.1 are
satisfied with these constants p and q. Since Eq.(A.3) is already assumed to hold,
it remains to prove Eq.(A.1) and Eq.(A.2). The expectation EQξ [e
1
T
∫ T
0
ǫ0 g
2(Xs) ds] is
uniformly bounded in T on [0,∞) because
E
Q
ξ [e
1
T
∫ T
0 ǫ0 g
2(Xs) ds] ≤ EQξ
[ 1
T
∫ T
0
eǫ0 g
2(Xs)ds
]
=
1
T
∫ T
0
E
Q
ξ [e
ǫ0 g
2(Xs)] ds ≤ c1 . (B.1)
Replacing ǫ0/T by ǫ0, Eq.(A.1) is satisfied. For Eq.(A.2), observe that for any
n ∈ N such that 2n > p+ 1, the expectation EQξ [
∫ T
0 g
2n(Xs) ds] is finite since
E
Q
ξ
[ ∫ T
0
(ǫ0g
2)n(Xs) ds
]
≤ EQξ
[ ∫ T
0
n!eǫ0 g
2(Xs) ds
]
≤ Tn! c1 .
Thus, the expectation EQξ [
∫ T
0 g
p+1(Xs) ds] is also finite. All conditions of Proposi-
tion A.1 are satisfied.
Therefore, the partial derivative ∂∂ǫE
Qǫ
ξ [(fη/φη)(X
ǫ
T )] exists and is continuous
in (η, ǫ) on I2. Moreover,
∂
∂ǫ
∣∣∣
ǫ=0
E
Qǫ
ξ [(f/φ)(X
ǫ
T)] = E
Q
ξ
[
(f/φ)(XT)
∫ T
0
k(Xs) dWs
]
.
Now it remains to show that
1
T
∂
∂ǫ
∣∣∣
ǫ=0
E
Qǫ
ξ [(f/φ)(X
ǫ
T)] =
1
T
E
Q
ξ
[
(f/φ)(XT )
∫ T
0
k(Xs) dWs
]
→ 0
as T → ∞. From Eq.(A.14), it is enough to prove that the growth rate of
E
Q
ξ [(
∫ T
0 g
2(Xs) ds)
p
2 ] is less than or equal to the order of T
p
2 as T → ∞. Recall
that p is a positive even integer. Using Eq.(B.1) and the inequality x
p
2 ≤ (p/2)! ex
for x > 0, it follows that
E
Q
ξ
[( 1
T
∫ T
0
ǫ0g
2(Xt) dt
)p
2
]
≤ (p/2)!EQξ [e
1
T
∫ T
0
ǫ0 g
2(Xs) ds] ≤ (p/2)! c1 ,
which gives the desired result. This completes the proof.
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C Proof of Proposition 4.12
This section provides the proof of Proposition 4.12. The pricing operator Pǫ in
Eq.(4.10) is
PǫTf(x) = EPXǫ0=x[e−
∫ T
0
rǫ(X
ǫ
s) dsf(XǫT )] .
Define an operator PLamp ǫT corresponding to the Lamperti transformation by
PLamp ǫT F (ζ) = EPU ǫ0=ζ [e−
∫ T
0 Rǫ(U
ǫ
s ) dsF (U ǫT )] .
Lemma C.1. Let β be a real number and h be a positive function on R. The
following statements are equivalent.
• The pair (e−βT , h) is an eigenpair of PǫT , that is,
PǫTh(x) = e−βTh(x) , x ∈ R .
• The pair (e−βT , h ◦ vǫ) is an eigenpair of PLamp ǫT , that is,
PLamp ǫT (h ◦ vǫ)(ζ) = e−βT (h ◦ vǫ)(ζ) , ζ ∈ R .
Proof. The proof is straightforward from
PǫTh(x) = EPXǫ0=x[e−
∫ T
0 rǫ(X
ǫ
s) dsh(XǫT )]
= EPU ǫ0=uǫ(x)[e
− ∫ T
0
Rǫ(U
ǫ
s )ds (h ◦ vǫ)(U ǫT )] = PLamp ǫT (h ◦ vǫ)(ζ)
and ζ = uǫ(x).
Proof. We now show Proposition 4.12. The ‘only-if’ condition will be proven.
The ‘if’ condition can be shown in a similar way, so we omit it. Assume that the
quadruple (bǫ, σǫ, rǫ, fǫ) and ξ satisfy Assumptions 4.1 - 4.2. DefineX
ǫ,Pǫ,M ǫ,Qǫ, (λǫ, φǫ), ϕǫ
accordingly. It is easy to check that the quadruple (δǫ, 1, Rǫ, Fǫ) satisfies Assump-
tion 4.1. We show that the quadruple (δǫ, 1, Rǫ, Fǫ) and ζǫ satisfy Assumption 4.2
(that is, Assumptions 1.1 - 1.3 and 2.1 - 2.4). Assumption 1.1 is satisfied because
U ǫ defined in Eq.(4.12) is a strong solution of the SDE (4.13), and because the
strong solution Xǫ of SDE (4.11) (thus, the strong solution U ǫ of SDE (4.13)) is
unique and non-explosive. Assumptions 1.2 and 1.3 are trivial. For Assumption
2.1, we observe that the pair (e−λǫT , φǫ ◦ vǫ) is an eigenpair of PLamp ǫT by Lemma
C.1. From Eq.(2.2), it follows that the corresponding martingale process is
MLamp ǫt := e
λǫt−
∫ t
0 Rǫ(U
ǫ
s ) ds
(φǫ ◦ vǫ)(U ǫt )
(φǫ ◦ vǫ)(ζǫ) = e
λǫt−
∫ t
0 rǫ(X
ǫ
s) ds
φǫ(X
ǫ
t )
φǫ(ξ)
= M ǫt , 0 ≤ t ≤ T .
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The recurrent eigen-measure QLamp ǫ defined by this martingale MLamp ǫ satisfies
dQLampǫ
dP
∣∣∣
FT
= MLamp ǫT = M
ǫ
T =
dQǫ
dP
∣∣∣
FT
.
Thus, QLamp ǫ = Qǫ. It follows that Assumption 2.1 is satisfied because the recur-
rence of Xǫ implies the recurrence of U ǫ. Assumption 2.2 is clearly satisfied since
the recurrent eigenfunction φǫ ◦ vǫ is twice continuously differentiable. Assump-
tions 2.3 and 2.4 are directly obtained from QLamp ǫ = Qǫ. By Lemma C.1 and the
above argument, the two corresponding recurrent eigenvalues coincide.
D The CIR model
D.1 Hansen–Scheinkman decomposition
First, we show that (b, σ, r, f) and ξ satisfy Assumptions 4.1 - 4.2 (that is, As-
sumptions 1.1 - 1.3 and 2.1 - 2.4). We only prove Assumptions 2.1 - 2.4; the
others are trivial. It can be shown that a pair (λ, φ(x)) := (θκ, e−κx) is the recur-
rent eigenpair, where κ :=
√
a2+2σ2−a
σ2
(Section 6.1.1 in Qin and Linetsky (2016)).
This proves Assumptions 2.1 - 2.2. Consider the recurrent eigen-measure Q. The
corresponding Girsanov kernel is ϕ(Xt) = −σκ
√
Xt, and the Q-dynamics of X is
dXt = (θ −
√
a2 + 2σ2Xt)dt+ σ
√
Xt dWt , X0 = ξ . (D.1)
Here, W is a Q-Brownian motion. This process is a re-parameterized CIR model.
It is well known that the CIR model has an invariant distribution ν, which implies
Assumption 2.3. For convenience, we define b :=
√
a2 + 2σ2.
To show Assumption 2.4, consider the Q-density function ℓ(x; t) of Xt
ℓ(x; t) := ht e
−u−v
(v
u
)q/2
Iq(2
√
uv),
where Iq is the modified Bessel function of the first type of order q and
ht =
2b
σ2(1− e−bt) , q =
2θ
σ2
− 1 , u = htξe−bt , v = htx .
After slightly rewriting, we find
ℓ(x; t) = kt ht e
−htxxq/2Iq(2hte−bt/2
√
ξx) . (D.2)
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Here, kt = e
−htξe−bt(ξe−bt)−q/2 and
Iq(z) =
(z/2)q
π1/2 Γ(q + 1/2)
∫ π
0
(ez cosu sin2q u) du ≤ π
1/2(z/2)qez
Γ(q + 1/2)
. (D.3)
For large t > 0, we have ℓ(x; t) ≤ B e−htxxqe2ht
√
ξr for a positive constant B. To
show Assumption 2.4 for function f , whose growth rate is less than or equal to the
polynomial growth rate, it suffices to prove Eq.(D.4) below for a constant c > κ
because the growth rate of (f/φ)(x) = f(x)eκx is less than the growth rate of ecx
as x→∞. Choose a constant c such that κ = b−aσ2 < c < 2bσ2 . Because 2bσ2 < ht, we
know that ecxℓ(x; t) is dominated by Be(c−
2b
σ2
)xxqe2h1
√
ξx, whose integration over
(0,∞) is finite. By the Lebesgue dominated convergence theorem, it follows that
E
Q
ξ [e
cXt] =
∫ ∞
0
ecxℓ(x; t) ds→
∫ ∞
0
ecxℓ(x;∞) dx =
∫
ecx dν(x), (D.4)
where ℓ(x;∞) = limt→∞ ℓ(x; t), which is equal to the invariant density function of
X under Q. For more details regarding the density of the CIR model, see page 19
in Benth and Karlsen (2005).
In summary, we showed that the quadruple of functions (b, σ, r, f) and the
initial value ξ, which were defined in Section 5.1, satisfy Assumptions 4.1 and 4.2.
From now, in the context of the CIR model, the notations X, P , L, M, Q, (λ, φ),
ϕ, ν are self-explanatory.
D.2 Sensitivity of ξ
In this section, we show the long-term sensitivity of ξ in Eq.(5.3). By Theorem
3.1, it suffices to show that EQξ [(f/φ)(XT)] is continuously differentiable in ξ,
and ∂∂ξE
Q
ξ [(f/φ)(XT)] → 0 as T → ∞. The continuous differentiability and the
convergence to zero can be easily justified by observing the Q-density function
ℓ(x; T ) of XT . Indeed,
lim
T→∞
∂
∂ξ
E
Q
ξ [(f/φ)(XT)] = limT→∞
∂
∂ξ
∫ ∞
0
(f/φ)(x) ℓ(x; T ) dx
= lim
T→∞
∫ ∞
0
(f/φ)(x)
∂ℓ(x; T )
∂ξ
dx
=
∫ ∞
0
(f/φ)(x) lim
T→∞
∂ℓ(x; T )
∂ξ
dx = 0 .
(D.5)
The interchange of the differentiation and the integration in the second equality
can be checked by the standard argument. For the last equality, we used the
following lemma.
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Lemma D.1. Let ℓ(x; t) be the Q-density function of Xt given in Eq.(D.2). Then,
lim
t→∞
∂ℓ(x; t)
∂ξ
= 0 .
Proof. From the Q-density function
ℓ(x; t) = e−htξe
−bt
(ξe−bt)−q/2 ht e−htxxq/2Iq(2hte−bt/2
√
ξx) ,
we have
∂ℓ(x; t)
∂ξ
=
(
− hte−bt − q
2ξ
+
1
2
√
x
ξ
hte
−bt/2Iq−1(z) + Iq+1(z)
Iq(z)
)
ℓ(x; t) (D.6)
where z = 2hte
−bt/2√ξx. Here, we used the equality I ′q(·) = 12(Iq−1(·) + Iq+1(·)).
Observe that z → 0 as t→∞. The modified Bessel function Iq of order q satisfies
limz→0
Iq(z)
(z/2)q
Γ(q+1)
= 1, thus
lim
t→∞
hte
−bt/2Iq−1(z) + Iq+1(z)
Iq(z)
= lim
t→∞
hte
−bt/2
(hte
−bt/2
√
ξx)q−1
Γ(q)
+ (hte
−bt/2
√
ξx)q+1
Γ(q+2)
(hte−bt/2
√
ξx)q
Γ(q+1)
=
q√
ξx
.
In conclusion, we have limt→∞
∂ℓ(x;t)
∂ξ = 0 from Eq.(D.6).
D.3 Sensitivity of θ
In this section, we analyze the long-term sensitivity of θ in the CIR model. As
discussed in Eq.(5.2) in Section 5.1, the parameter θ can be regarded as a pertur-
bation parameter. The aim is to show the long-term sensitivity of θ in Eq.(5.3)
using Corollary 4.11. Only the hypothesis of Theorem 4.8 will be checked because
the other conditions are easy to prove. Recall the definitions of the functions k
and g in Section 4.1
k(x) =
θ
σ
√|x| −
√
a2 + 2σ2
σ
√
|x| , g(x) = 1
σ
√|x| . (D.7)
Condition (i) in Theorem 4.8 can be proven by Proposition D.2 below. For (ii)
and (iii), we set p = q = 2. Let ǫ1 be a positive number such that ǫ1 <
2θ
σ2 − 1. By
the same method as in Eq.(D.4), it follows that
E
Q
ξ [g
2+ǫ1(Xt)] = E
Q
ξ
[( 1
σ
√
Xt
)2+ǫ1]
=
∫ ∞
0
( 1
σ
√
x
)2+ǫ1
ℓ(x; t) dx (D.8)
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is uniformly bounded in t on [0,∞). Thus, EQξ [
∫ T
0 g
2+ǫ1(Xt) dt] is finite for each
T , which means that (ii) is satisfied. For (iii), we put ψ = f/φ since f and φ are
independent of θ. Using the method in Eq.(D.4), we find that
E
Q
ξ [(f/φ)
2(XT )]→
∫
(f/φ)2(x) dν(x)
as T → ∞ since the exponential growth rate of (f/φ)2(x) is 2(b− a)x/σ2 as
x→∞.
Proposition D.2. For any ǫ0 with 0 < ǫ0 ≤ 12(σ2 − θσ)2, there exist constants a
and c such that for all T > 0
E
Q
ξ [e
ǫ0
∫ T
0 (1/Xs) ds] ≤ c eaT .
Proof. We modify the proof found in Appendix C in Ahn and Gao (1999). Their
proof evaluates the above expectation under the condition ǫ0 < 0, whereas our
proof evaluates the expectation under the condition ǫ0 > 0. Our proof is given in
several steps.
(i) Let Y := 1/X. We find a positive function V (y, t) on R+ × [0, T ] such that
V (Yt, t)e
ǫ0
∫ t
0
Ys ds , 0 ≤ t ≤ T
is a local martingale and V (y, T ) is a constant, independent of y and T.
(ii) Show that the function satisfies
V (y, 0) ≤ c1e−γbT
for positive constants c1, γ, b. In other words, the decay rate of the function
V (y, 0) is less than or equal to an exponential rate in T.
(iii) Because V (Yt, t)e
ǫ0
∫ t
0 Ys ds is a positive local martingale for 0 ≤ t ≤ T, it is a
supermartingale. Thus, we have
c1e
−aT ≥ V (Y0, 0) ≥ EQξ [V (YT , T )eǫ0
∫ T
0
Ys ds] ≥ (constant)EQξ [eǫ0
∫ T
0
Ys ds] ,
which is the desired result.
Step (i). From Eq.(D.1), the Q-dynamics of X is dXt = (θ − bXt)dt+ σ
√
Xt dWt
where b =
√
a2 + 2σ2. Define Y := 1/X. The Ito formula yields
dYt = ((σ
2 − θ)Yt + b)Yt dt− σY 3/2t dWt .
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We find a positive function V (y, t) on R+ × [0, T ] such that
V (Yt, t)e
ǫ0
∫ t
0
Ys ds, 0 ≤ t ≤ T
is a local martingale and V (y, T ) is a constant, independent of y and T. Such a
function V (y, t) satisfies
Vt +
1
2
σ2x3Vxx + ((σ
2 − θ)x+ b)xVx + ǫ0xV = 0 . (D.9)
We make the Ansatz V (y, t) = f(x)xγ where x = a(t)/y.
Vy = − 1
a(t)
f ′(x)xγ+2− γ
a(t)
f(x)xγ+1 ,
Vyy =
1
a2(t)
f ′′(x)xγ+4 +
2(γ + 1)
a2(t)
f ′(x)xγ+3 +
γ(γ + 1)
a2(t)
f(x)xγ+2 ,
Vt =
a′(t)
a(t)
f ′(x)xγ+1 +
a′(t)
a(t)
γf(x)xγ .
Then Eq.(D.9) gives
1
2
σ2a(t)xγ+1f ′′(x) + (
a′(t)
a(t)
xγ+1 − bxγ+1 − (σ2 − θ)a(t)xγ + σ2(γ + 1)a(t)xγ)f ′(x)
+
(a′(t)
a(t)
γxγ − bγxγ + 1
2
σ2γ(γ + 1)a(t)xγ−1 − (σ2 − θ)γa(t)xγ−1 + ǫ0a(t)xγ−1
)
f(x) = 0 .
Assume that a(t) and γ satisfy


a′(t)
a(t)
− b = a(t)
1
2
σ2γ(γ + 1)− (σ2 − θ)γ + ǫ0 = 0
(D.10)
so that the above equation becomes 12σ
2xf ′′(x) + (x+ σ2γ + θ)f ′(x) + γf(x) = 0.
We define a new variable z such that x = −12σ2z, and define a function g as
g(z) := f(x). Then zg′′(z) + (κ− z)g′(z) − γg(z) = 0 where κ := 2(γ + θ
σ2
). It is
well known that the standard confluent hypergeometric function f(x) = g(z) =
M(γ, κ; z) is a solution of this equation.
We now find an explicit expression for V (y, t). Eq.(D.10) yields a(t) = b
eb(T−t)−1
for 0 ≤ t ≤ T and
γ =
1
2
− θ
σ2
+
√(1
2
− θ
σ2
)2
− 2ǫ0
σ2
.
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The number γ is a real number because of the assumption that 0 < ǫ0 ≤ 12(σ2− θσ)2.
We know that κ = 2(γ + θ
σ2
) > 0, and that by using the Feller condition in the
CIR process, γ < 0. The solution V (y, t) is
V (y, t) = f(x)xγ = g(z)
(
− 1
2
σ2z
)γ
=
(1
2
σ2
)γ
M(γ, κ; z)(−z)γ
=
(1
2
σ2
)γ
M(κ− γ, κ;−z)(−z)γez
(D.11)
where z = −2xσ2 = −2a(t)σ2y = − 2bσ2(eb(T−t)−1)y . Here, we used the equality M(γ, κ; z) =
M(κ− γ, κ;−z)ez.
We now show that V (y, T ) is a constant independent of y and T. By direct
calculation,
lim
t→T
V (y, t) =
(1
2
σ2
)γ
lim
z→−∞
M(κ− γ, κ;−z)(−z)γez
=
(1
2
σ2
)γ
lim
u→∞
M(κ− γ, κ; u)uγe−u
=
(1
2
σ2
)γ Γ(κ)
Γ(κ− γ)Γ(γ) limu→∞u
γe−u
∫ 1
0
eussκ−γ−1(1− s)γ−1 ds
=
(1
2
σ2
)γ Γ(κ)
Γ(κ− γ)Γ(γ) limu→∞u
γ
∫ 1
0
e−us(1− s)κ−γ−1sγ−1 ds
=
(1
2
σ2
)γ Γ(κ)
Γ(κ− γ)Γ(γ) limu→∞
∫ u
0
e−t(1− t/u)κ−γ−1tγ−1 dt
=
(1
2
σ2
)γ Γ(κ)
Γ(κ− γ)Γ(γ)
∫ ∞
0
e−ttγ−1 dt
=
(1
2
σ2
)γ Γ(κ)
Γ(κ− γ)
where Γ is the gamma function.
Step (ii). We now show that the function V (y, 0) satisfies V (y, 0) ≤ c1e−γbT for
some positive constant c1 independent of T. From Eq.(D.11), we know
V (y, 0) = c2(T ; y)
(σ2(1− e−bT )y
2b
)−γ
e−γbT
where
c2(T ; y) :=
(1
2
σ2
)γ
M
(
κ− γ, κ; 2b
σ2(ebT − 1)y
)
e
− 2b
σ2(ebT−1)y .
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Observe that c2(T ; x) is uniformly bounded for large T because limu→0M(κ −
γ, κ, u) = 1. This gives the desired result.
Step (iii). Because V (Yt, t)e
ǫ0
∫ t
0
Ys ds is a positive local martingale for 0 ≤ t ≤ T, it
is a supermartingale. Thus, we have
(1
2
σ2
)γ Γ(κ)
Γ(κ− γ)E
Q
ξ [e
ǫ0
∫ T
0 Ys ds] = EQξ [V (YT , T )e
ǫ0
∫ T
0 Ys ds] ≤ V (Y0, 0) ≤ c1e−γbT .
This completes the proof.
D.4 Sensitivity of a
This section analyzes the long-term sensitivity of a in the drift coefficient of the
CIR model. The parameter a can be regarded as a perturbation parameter. The
purpose is to show the long-term sensitivity of a in Eq.(5.3) by applying Corollary
4.11. Only the hypothesis of Theorem 4.8 will be checked because the other
conditions are easy to prove. Recall the definitions of k and g in Section 4.1.
From the function k in Eq.(D.7), we define g(x) := 1σ
√
|x| so that for all a
∣∣∣∣∂k(x)∂a
∣∣∣∣ =
∣∣∣∣∣
a
√|x|
σ
√
a2 + 2σ2
∣∣∣∣∣ ≤
1
σ
√
|x| = g(x) .
For condition (i) in Theorem 4.8, it is sufficient to show that there exist constants
c and d such that
E
Q
ξ [e
∫ T
0
Xs ds] ≤ c edT (D.12)
for all T. This is proven by Lemma 3.1 on page 6 in Wong and Heyde (2006). For
(ii) and (iii), we set p = q = 2 and let ǫ1 = 2. Then, it can easily be shown that
the expectation
E
Q
ξ [g
2+ǫ1(Xt)] =
1
σ4
E
Q
ξ [X
2
t ] (D.13)
is uniformly bounded in t on [0,∞) becauseX is a CIR process. Thus, EQξ [
∫ T
0 g
2+ǫ1(Xt) dt]
is finite for each T , which implies (ii). For (iii), we define ψ(x) = f(x)ecx for a
constant c such that (b− a)/σ2 < c < b/σ2, and then Eq.(4.8) follows. By using
the method in Eq.(D.4), we obtain condition (iii) since the exponential growth
rate of ψ2(x) is 2cx as x→∞.
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D.5 Sensitivity of σ
This section conducts a sensitivity analysis with respect to the variable σ in the
CIR model. The parameter σ in the diffusion term can be regarded as a pertur-
bation parameter. Define a quadruple (δ, 1, R, F ) and ζ by the Lamperti trans-
formation given in Section 4.2.1. Let u(x) :=
∫ x
0
1
σ
√
|y| dy =
2
σ
√
x for x > 0,
then
δ(u) =
(2θ
σ2
− 1
2
)1
u
− au
2
, R(u) = σ2u2/4 , F (u) = f(σ2u2/4) , ζ =
2
σ
√
ξ .
Because Section D.1 shows that the quadruple (b, σ, r, f) and the initial value
ξ satisfy Assumptions 4.1 - 4.2, the quadruple (δ, 1, R, F ) and ζ also satisfy
Assumptions 4.1 - 4.2 by Proposition 4.12. The notations U, Q, (λ,Φ) are
now self-explanatory. The recurrent eigenfunction and the payoff function are
Φ(u) = φ(σ2u2/4) and F (u) = f(σ2u2/4), respectively.
The goal of this section is to show the long-term sensitivity of σ in Eq.(5.3)
by using Theorem 4.13. Conditions (i) and (ii) in Theorem 4.13 will be discussed
below and condition (iii) will be proven in Proposition D.4. To check (i), observe
that λ = θ(
√
a2 + 2σ2 − a)/σ2 and Φ(ζ) = φ(σ2ζ2/4) are continuously differen-
tiable in variable σ, which with Proposition D.3 below gives (i). To check (ii) in
Theorem 4.13, we apply Theorem 4.8. Recall the definitions of k and g in Section
4.1 and that b =
√
a2 + 2σ2. We define k(u) = ( 2θσ2 − 12) 1u− bu2 and g(u) = C(u+ 1u)
for sufficiently large C > 0 such that | ∂
∂σ
k(u)| ≤ C( 1
u
+ u) = g(u). Observe that
g2(Ut) ≤ C1( 1Xt +Xt) for sufficiently large C1 > 0. To prove the exponential con-
dition (i) in Theorem 4.8, it suffices to show that there exist positive constants a,
c and ǫ0 such that E
Q
ξ [e
ǫ0
∫ T
0
(Xs+
1
Xs
) ds] ≤ c eaT for all T > 0. This can be shown by
combining Proposition D.2 and Eq.(D.12). Condition (ii) of Theorem 4.8 can be
confirmed with p = 2 and 0 < ǫ1 < min{2θσ2 − 1, 2} by combining the methods in
Eq.(D.8) and Eq.(D.13). To check (iii) of Theorem 4.8, choose a real number c
such that (b− a)/4 < c < b/4, and define ψ(u) := ecu2. For sufficiently large u,
F (u)/Φ(u) = f(σ2u2/4)eκσ
2u2/4 = f(σ2u2/4)e(b−a)u
2/4 ≤ ψ(u)
since f is of polynomial growth rate. Using the method in Eq.(D.4), it is easy
to show that the expectation EQ[ψ2(UT )] = E
Q[e2cU
2
T ] = EQ[e
8c
σ2
XT ] is uniformly
bounded in T on [0,∞) because 8c/σ2 < 2b/σ2. This proves (iii) of Theorem 4.8
with q = 2.
Proposition D.3 below is useful for checking (i) in Theorem 4.13. The param-
eter σ is a variable in F/Φ, ζ, and the dynamics of U. We temporarily employ a
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new parameter s to distinguish the parameter σ in F/Φ and ζ from the parameter
σ in the dynamics of U. Define
η(s) =
√
a2 + 2s2 − a
s2
, πs(r) = e
−η(s)r , Πs(u) = πs(s2u2/4) ,
Gs(u) = f(s
2u2/4) , q(s) =
2
s
√
ξ ,
(D.14)
so that EQζ [(F/Φ)(UT)] = E
Q
q(σ)[(Gσ/Πσ)(UT )].
Proposition D.3. Fix a positive real number σ0. The partial derivative
∂
∂s
E
Q
q(s)[(Gs/Πs)(UT )]
exists and is continuous in (s, σ) on a neighborhood of (σ0, σ0). Moreover, we have
lim
T→∞
1
T
∂
∂s
∣∣∣
s=σ
E
Q
q(s)[(Gs/Πs)(UT)] = 0
for any positive number σ in a neighborhood of σ0.
Proof. The proof will be given in several steps.
(i) Define a process Z = (Zt)t≥0 by Zt = Zt(s) = s2U 2t /4 so that
E
Q
q(s)[(Gs/Πs)(UT )] = E
Q
ξ [(f/πs)(ZT )] .
The right-hand side is more manageable.
(ii) Show that the partial derivative ∂
∂s
E
Q
ξ [(f/πs)(ZT )] exists and
∂
∂s
E
Q
ξ [(f/πs)(ZT )] =
∫ ∞
0
f(z)
∂
∂s
ℓ(z; T, s)
πs(z)
dz
for (s, σ) near (σ0, σ0), where ℓ(z; t, s) is the density function of Zt. Then,
deduce that this partial derivative is continuous in (s, σ) on a neighborhood
of (σ0, σ0).
(iii) Finally, we show that
∫ ∞
0
f(z)
∂
∂s
∣∣∣
s=σ
ℓ(z; T, s)
πs(z)
dz
converges to a finite constant as T →∞, which gives the desired result.
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Step (i). Define a process Z = (Zt)t≥0 by Zt = Zt(s) = s2U 2t /4 so that (Gs/Πs)(UT ) =
(f/πs)(s
2U 2T/4) = (f/πs)(ZT ) and Z0 = ξ. Then, E
Q
q(s)[(Gs/Πs)(UT)] = E
Q
ξ [(f/πs)(ZT )].
The Ito formula gives
dZt =
(θs2
σ2
− bZt
)
dt+ s
√
Zt dWt , Z0 = ξ .
It is noteworthy that both the parameters σ and s are components in the dynam-
ics of Z, but we are only interested in the sensitivity of s. One of the notable
properties of this process Z is that the initial value is not perturbed.
Step (ii). The process Z is a CIR process and the density function of Zt (from
Eq.(D.2)) is
ℓ(z; t, s) = e−htξe
−bt
(ξe−bt)−q/2 ht e−htzzq/2Iq(2hte−bt/2
√
ξz) , (D.15)
where ht =
2b
s2(1−e−bt) , q =
2θ
σ2
− 1, and Iq is the modified Bessel function of the first
type of order q. For (s, σ) near (σ0, σ0), we will prove that
∂
∂s
E
Q
ξ [(f/πs)(ZT )] =
∂
∂s
∫ ∞
0
(f/πs)(z) ℓ(z; T, s) dz =
∫ ∞
0
f(z)
∂
∂s
ℓ(z; T, s)
πs(z)
dz .
(D.16)
To prove the interchangeability of the differentiation and the integration in the
second equality, it suffices to show that for (s, σ) near (σ0, σ0) and for all z > 0,∣∣∣∣f(z) ∂∂s
ℓ(z; t, s)
πs(z)
∣∣∣∣ ≤ Ce−
1
σ20
√
a2+2σ20 z
=: G(z)
for a positive constant C because the function G(z) is integrable over (0,∞). Let
us estimate how fact the function |f(z) ∂
∂s
(ℓ(z; t, s)/πs(z))| grows as z → ∞ by
observing the growth rates of f(z), 1πs(z) ,
∂
∂s
1
πs(z)
, ℓ(z; t, s), and each term of
∂
∂s
ℓ(z; t, s) =
2
s
htξe
−btℓ(z; t, s)− 2
s
ℓ(z; t, s) +
2
s
zhtℓ(z; t, s)
− 2
s
e−htξe
−bt
ξ(−q+1)/2e(q−1)bt/2 h2t e
−htzz(q+1)/2(Iq−1 + Iq+1) .
Given σ > 0 and large t > 0, for s near σ0, each term of
∂
∂sℓ(z; t, s) is dominated
by one of
ℓ(z; t, s) , zℓ(z; t, s) , zqe−htz+2hte
−bt/2
√
ξz , zq+1e−htz+2hte
−bt/2
√
ξz
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up to constant multiples. We used the upper bound of Iq given in Eq.(D.3). The
growth rate of each term is essentially dominated by e−
2b
s2
z because 2bs2 < ht. Thus,
the growth rate of | ∂∂s(ℓ(z; t, s)/πs(z))| is less than or equal to that of e(η(s)−
2b
s2
)z.
Because the growth rate of f(z) is less than or equal to the polynomial growth
rate, it follows that the growth rate of |f(z) ∂∂s(ℓ(z; t, s)/πs(z))| is less than or equal
to that of e(η(s)−
2b
s2
)z. For (s, σ) near (σ0, σ0), the exponent of e
(η(s)− 2b
s2
)z satisfies
η(s)− 2b
s2
=
√
a2 + 2s2 − a
s2
− 2
√
a2 + 2σ2
s2
< −
√
a2 + 2σ20
σ20
, (D.17)
which is the desired inequality. Since Eq.(D.16) holds, it is directly derived that
the partial derivative ∂∂sE
Q
q(s)[(Gs/Πs)(UT)] =
∂
∂sE
Q
ξ [(f/πs)(ZT )] exists and is con-
tinuous in (s, σ) on a neighborhood of (σ0, σ0).
Step (iii). Finally, we demonstrate that∫ ∞
0
f(z)
∂
∂s
∣∣∣
s=σ
ℓ(z; T, s)
πs(z)
dz
converges to a finite constant as T →∞. This can be proven by the Lebesgue dom-
inated convergence theorem and by observing how fact the function | ∂∂s(ℓ(z; t, s)/πs(z))|
grows as T →∞ in the same manner as above. This completes the proof.
We now prove (iii) in Theorem 4.13. For simplicity, we omit the variable s in
the following notations, so
π = πs , Π = Πs , G = Gs , q = q(s)
for functions defined in Eq.(D.14).
Proposition D.4. Fix a positive real number σ0. The partial derivative
∂
∂σE
Q
q [(G/Π)(UT)]
is continuous in (s, σ) on a neighborhood of (σ0, σ0).
Proof. We only sketch the main idea because the proof is similar to that of Propo-
sition D.3. Define a process Z = (Zt)t≥0 by Zt = s2U 2t /4 so that E
Q
q [(G/Π)(UT)] =
E
Q
ξ [(f/π)(ZT )]. Consider the density function ℓ = ℓ(z; t) of Zt given in Eq.(D.15)
ℓ(z; t) = e−htξe
−bt
(ξe−bt)−q/2 ht e−htzzq/2Iq(2hte−bt/2
√
ξz) ,
where ht =
2b
s2(1−e−bt) and q =
2θ
σ2 − 1. For (s, σ) near (σ0, σ0), we will prove that
∂
∂σ
E
Q
ξ [(f/π)(ZT)] =
∂
∂σ
∫ ∞
0
(f/π)(z) ℓ(z; T ) dz =
∫ ∞
0
(f/π)(z)
∂
∂σ
ℓ(z; T ) dz .
(D.18)
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To prove the interchangeability of the differentiation and the integration in the
above equality, it suffices to show that for (s, σ) near (σ0, σ0) and for all z > 0,∣∣∣∣(f/π)(z) ∂∂σℓ(z; t)
∣∣∣∣ ≤ Ce−
1
σ20
√
a2+2σ20 z
=: G(z)
for a positive constant C because the function G(z) is integrable over (0,∞).
Consider the growth rate of (f/π)(z) ∂∂σℓ(z; t). Given σ > 0 and large t > 0, for s
near σ0, each term of
∂
∂σℓ(z; t) is dominated by one of
ℓ(z; t), zℓ(z; t), ln(z)ℓ(z; t), zq/2e−htz+2hte
−bt/2
√
ξz, zq+1e−htz+2hte
−bt/2
√
ξz (D.19)
up to constant multiples. In the calculation of ∂
∂σ
ℓ(z; t), we used the upper bound
of Iq given in Eq.(D.3) and the equality
∂
∂q
Iq(z) = Iq(z) ln(z/2) +
Γ′(q + 1/2)
Γ(q + 1/2)
Iq(z) +
∫ π
0
(ez cosu sin2q u ln(sin2 u)) du .
Let x = sin2 u for u ∈ [0, π]. Then for x ∈ [0, 1] it is easy to check that the range
of xq lnx is [−1/(qe), 0]. Thus,
−π
q
ez−1 ≤
∫ π
0
(ez cosu sin2q u ln(sin2 u)) du ≤ 0 .
The growth rate of each term in Eq.(D.19) is essentially dominated by e−
2b
s2
z up
to polynomial multiples. Thus, the growth rate of |(f/π)(z) ∂∂σℓ(z; t)| is less than
or equal to that of e(η(s)−
2b
s2
)z up to polynomial multiples since the growth rate
of f(z) is less than or equal to the polynomial growth rate. From the argument
in Eq.(D.17), we obtain the desired result. Since Eq.(D.18) holds, it is directly
derived that the partial derivative ∂∂σE
Q
q [(G/Π)(UT)] =
∂
∂σE
Q
ξ [(f/π)(ZT)] is con-
tinuous in (s, σ) on a neighborhood of (σ0, σ0).
E The quadratic-term structure model
E.1 Hansen–Scheinkman decomposition
First, observe that (b, σ, r, f) and ξ satisfy Assumptions 4.1 - 4.2 (that is, As-
sumptions 1.1 - 1.3 and 2.1 - 2.4). Assumptions 1.1 and 2.1 - 2.3 can be confirmed
from Section 6.2 in Qin and Linetsky (2016), and the other conditions are trivial.
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The notations X, P , L, M, Q, (λ, φ), ϕ, ν are self-explanatory. The recurrent
eigenpair is given in Eq.(5.4). The Q-dynamics of X is
dXt = (b− au + (B − 2aV )Xt) dt+ σ dWt
where W is a Q-Brownian motion.
E.2 Sensitivity of ξ
We want to find the long-term sensitivity of the expectation pT with respect to
the initial value ξ. The aim is to show limT→∞∇ξ ln pT = ∇ξ φ(ξ)φ(ξ) = −u − 2V ξ
by applying Proposition 3.2. The first variation process Y is given by dYt =
(B − 2aV )Yt dt with Y0 = Id, where Id is the d × d identity matrix. It follows
that EQξ [||YT ||2] = ||YT ||2 = ||e(B−2aV )T ||2. Because all eigenvalues of B − 2aV have
negative real parts, it follows that EQξ [||YT ||2] is uniformly bounded in T on [0,∞).
This gives the desired result.
E.3 Sensitivity of b
We perform a sensitivity analysis of the expectation pT with respect to the drift
coefficients b = (b1, b2, · · · , bd)⊤. Fix i = 1, 2, · · · , d. The parameter bi can be
regarded as a perturbation parameter. The goal is to show that by applying
Corollary 4.11, limT→∞ 1T
∂
∂bi
ln pT = − ∂λ∂bi . Assumption 4.6 is easy to confirm from
Eq.(5.4) and the fact that f is a bounded function with bounded support. We
now apply Theorem 4.8. Recall the definitions of k and g in Section 4.1. Define
k(x) = σ−1b− σ⊤u+ (σ−1B − 2σ⊤V )x (E.1)
and let g(x) = C be a constant function for sufficiently large C > 0 such that
| ∂∂bik(x)| ≤ |(σ−1)i| < C = g(x) for i = 1, 2, · · · , d where (σ−1)i is the i-th column
of σ−1. Because g is a constant function, (i) and (ii) of Theorem 4.8 are trivially
satisfied with p = q = 2. We now consider (iii) of Theorem 4.8. As a function of
two variables (x, bi), we write the function φ(x) as φ(x, bi). Since f has bounded
support, we choose a compact set K such that supp(f) ⊆ K. For a bounded open
neighborhood I ⊆ R of 0, define Ibi := {bi + r ∈ R : r ∈ I}. Since φ is a positive
and continuous function in two variables (x, bi), the reciprocal 1/φ has a positive
maximum on compact set K × Ibi. We define
M := max
(x,z)∈K×Ibi
1
φ(x, z)
, ψ(x) :=Mf(x) . (E.2)
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Then Eq.(4.8) is satisfied. With this function ψ, it is easy to check (iii) because
f is a bounded function and supp(f) ⊆ K.
E.4 Sensitivity of B
We investigate the long-term sensitivity of the expectation pT with respect to the
matrix B = (Bij)1≤i,j≤d. The parameter Bij can be regarded as a perturbation
parameter. The goal is to show that limT→∞ 1T
∂
∂Bij
ln pT = − ∂λ∂Bij by applying
Corollary 4.11. For condition (i) in Theorem 4.3, it is sufficient to check that V
(and hence, u) is continuously differentiable in Bij. Here, the continuous differ-
entiability of a matrix and a vector means that all components are continuously
differentiable. The continuous differentiability of V is from Eq.(2.5) on page 240
in Sun (2002) and Theorem 3.1 in Sun (1998). Condition (ii) in Theorem 4.3 is
easy to check because f is a bounded function with bounded support.
We now apply Theorem 4.10. Recall the definitions of k and g in Section 4.1.
From Eq.(E.1), because V and u are continuously differentiable in Bij, there exist
sufficiently large constants c1 and c2 such that∣∣∣∣ ∂∂Bijk(x)
∣∣∣∣ ≤ c1 + c2|x| =: g(x).
To check condition (i) in Theorem 4.10, it suffices to show that there exists a
positive ǫ0 such that E
Q
ξ [e
ǫ0|XT |2] is uniformly bounded in T on [0,∞). Consider
the density function of XT , which is a multivariate normal random variable. We
have
E
Q
ξ [e
ǫ0|XT |2] =
1√
(2π)d detΣT
∫
Rd
eǫ0|z|
2− 12 (z−µT )⊤Σ−1T (z−µT ) dz
where µT and ΣT are the mean vector and the covariance matrix of XT , respec-
tively. Observe the exponent ǫ0|z|2 − 12(z − µT )⊤Σ−1T (z − µT ) of the integrand.
Under the recurrent eigen-measure Q, because Assumption 2.3 is satisfied, the dis-
tribution of XT converges to an invariant distribution which is a non-degenerate
multivariate normal distribution. Let Σ∞ be the covariance matrix of the invari-
ant distribution. Choose ǫ0 less than the smallest eigenvalue of Σ
−1
∞ , then the
above integral converges to a constant as T → ∞, which implies condition (i).
Condition (ii) in Theorem 4.10 can also be checked by the method in Eq.(E.2).
E.5 Sensitivity of σ
This section investigates the sensitivity of the expectation pT with respect to the
volatility matrix σ = (σij)1≤i,j≤d. Assume that f is continuously differentiable
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with compact support. It can be shown that limT→∞ 1T
∂
∂σi
ln pT = − ∂λ∂σi by using
Theorem 4.3 and 4.16. We check only the hypothesis of Theorems 4.16 because
the other conditions are easy to prove. The corresponding variation process Z =
(Zt)t≥0 is given by
dZt = (B − 2aV )Zt dt+ σ dWt .
It follows that EQξ [|ZT |] is convergent as T → ∞ because the process Z is an
Ornstein-Uhlenbeck (OU) process and all eigenvalues of B − 2aV have negative
real parts. This gives the desired result.
F The 3/2 model
The aim of this section is to prove the sensitivities discussed in Section 6.2. For the
sensitivity of ξ, Eq.(6.3) is obtained by showing limT→∞ ∂∂ξ ln qT =
φ′(ξ)
φ(ξ) = −ℓξ−1
where qT is the expectation in Eq.(6.1). The reciprocal Y := 1/X satisfies
dYt = (a+ σ
2(ℓ+ 1)− θYt) dt− σ
√
Yt dWt
which is a CIR model, and therefore we can use the results of Section D.2.
By Theorem 3.1, it is enough to show that the expectation EQξ [(f/φ)(XT)] =
E
Q
ξ [Y
−αβ−ℓ
T ] is continuously differentiable in ξ and that limT→∞
∂
∂ξE
Q
ξ [(f/φ)(XT)] =
limT→∞ ∂∂ξE
Q
ξ [Y
−αβ−ℓ
T ] = 0. This can be proven by the method in Eq.(D.5).
For the sensitivity of θ, Corollary 4.11 with Theorem 4.8 will be used to show
limT→∞ 1T
∂
∂θ ln pT = −∂λ∂θ = −ℓ. We only show the conditions of Theorem 4.8
because the other conditions are easily checked. From k(x) = θ
σ
√
x
−( aσ+σℓ)
√
x, we
define g(x) := 1
σ
√
x
. Condition (i) is evident since 1/X is a CIR process. Consider
(ii) and (iii) with q = 1+ǫ for a sufficiently small ǫ > 0.Observe that for any n ∈ N,
the expectation EQξ [(1/XT)
n] converges to a constant as T →∞ since 1/X is a CIR
process. This proves (ii) in Theorem 4.8. For (iii), since f and φ are independent
of the parameter θ, we define ψ(x) as f(x)/φ(x). For sufficiently small positive
number ǫ, it is easy to show that the expectation EQξ [ψ
1+ǫ(XT )] = E
Q
ξ [X
(1+ǫ)(αβ+ℓ)
T ]
converges as T →∞ by considering the density function of the CIR process 1/X.
For the sensitivity of a, the goal is to prove Eq.(6.4) by using Corollary 4.11
and Theorem 4.8. We only check condition (ii) in Theorem 4.3 because the other
conditions are easy to prove. Define Y := 1/X so that Y is a CIR process. Let
h(y; t) be the density function of Yt. We temporarily employ new parameter b to
distinguish parameter a in f/φ from parameter a in the drift of X. Define
ℓb :=
√(1
2
+
b
σ2
)2
+ αβ(β − 1)−
(1
2
+
b
σ2
)
, πb(x) := x
−ℓb
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so that ℓa = ℓ and πa(x) = x
−ℓ = φ(x) for the constant ℓ in Eq.(6.2). First, we
show that the partial derivative ∂∂bE
Q
ξ [(f/πb)(XT )] exists and that
∂
∂bE
Q
ξ [(f/πb)(XT )] =
E
Q
ξ [
∂
∂b(f/πb)(XT )]. The proof is obtained from Theorem G.1 by defining the dom-
inating function g as g(x) = c1x
αβ+ℓ+1 + c2x
αβ+ℓ−1 for sufficiently large constants
c1 and c2 since∣∣∣∣ ∂∂b(f/πb)(x)
∣∣∣∣ =
∣∣∣∣∂ℓb∂b xαβ+ℓb lnx
∣∣∣∣ ≤ c1xαβ+ℓ+1 + c2xαβ+ℓ−1 = g(x)
for all b in a small open neighborhood of a. The expectation EQξ [g(XT )] = c1E
Q
ξ [Y
−αβ−ℓ−1
t ]+
c2E
Q
ξ [Y
−αβ−ℓ+1
t ] is finite when
a
σ2 +1−αβ > 0 because the growth rate of the den-
sity h(y, t) is dominated by e−
2θ
σ2
y as y → ∞ and is dominated by y 2aσ2+2ℓ+1 as
y → 0+. The joint continuity of ∂∂bEQξ [(f/πb)(XT )] in two variables (b, a) can be
obtained from the joint continuity of h(y; T ) and from the equality
∂
∂b
E
Q
ξ [(f/πb)(XT )] = E
Q
ξ
[ ∂
∂b
(f/πb)(XT )
]
=
∂ℓb
∂b
E
Q
ξ [X
αβ+ℓb
T lnXT ]
= −∂ℓb
∂b
E
Q
ξ [Y
−αβ−ℓb
T lnYT ] = −
∂ℓb
∂b
∫ ∞
0
h(y; T )y−αβ−ℓb ln y dy .
It is easy to check that EQξ [g(XT )] is convergent as T →∞, which gives Eq.(4.3).
For the sensitivity of σ, consider a quadruple (δ, 1, R, F ) and an initial value
ζ defined by the Lamperti transformation in Section 4.2.1. Defining u(x) = 2
σ
√
x
for x > 0, we get
δ(u) =
(2a
σ2
+ 2ℓ+
3
2
)1
u
− θu
2
, R(u) = 2αβ(1− β)u2, F (u) = (σu/2)−2αβ, ζ = 2
σ
√
ξ
.
By Proposition 4.12, the quadruple (δ, 1, R, F ) and ζ satisfy Assumptions 4.1 and
4.2 because the quadruple (b, σ, r, f) and the initial value ξ also satisfy them. One
can show Eq.(6.5) by using Theorem 4.13. Conditions (i) and (iii) can be proven
by the methods in Propositions D.3 and D.4, and condition (ii) can be shown by
Theorem 4.8 when aσ2 + 1− αβ > 0 by applying the same method as used in the
sensitivity analysis of a.
G Perturbation of payoff function
In this section, we are interested in the partial derivative ∂∂ǫE[hǫ(X)] of an expec-
tation. The interchangeability of differentiation and expectation is an important
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issue in this paper. The following theorem is a well known fact, and it is note-
worthy because this theorem is useful for checking condition (ii) in Theorem 4.3
when the initial value ξ is not perturbed.
Theorem G.1. Let X be a random variable and let hǫ(x) be a function of two
variables (ǫ, x) on I × Rd where I is an open neighborhood of 0. Assume that
E[hǫ(X)] < ∞ for each ǫ in I and that hǫ(x) is continuously differentiable in ǫ
on I for each x. Suppose that there exists a positive function g, which is called a
dominating function, such that E[g(X)] <∞ and∣∣∣∣ ∂∂ǫ hǫ(x)
∣∣∣∣ ≤ g(x) on I × Rd .
Then, the expectation E[hǫ(X)] is continuously differentiable in ǫ on I, and
∂
∂ǫ
E[hǫ(X)] = E
[ ∂
∂ǫ
hǫ(X)
]
.
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